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CHAPTER I—INTRODUCTION AND DESCRIPTION OF EXPERIMENTAL APPARATUS.

INTRODUCTTON.

1. Tt is well known that every shaft, however nearly balanced, when driven at a par-
ticular speed, bends, and, unless the amount of deflection be limited, might even break,
although at higher speeds the shaft again runs true. The particular or * critical ”
speed depends on the manner in which the shaft is supported, its size and modulus
of elasticity, and the size, weight, and position of any pulleys it carries,
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The theory for the case of an unloaded shaft first received attention at the hands
of Professor RANKINE,* who obtained numierical formule for the cases of an unloaded
shaft resting freely on a bearing at each end, and for an overhanging shaft working
in a shoulder at one end.

Professor GREENHILL has also obtained formule for the cases of an unloaded shaft
resting on bearings at each end, and fixed in direction at each end.t

The theory has been further extended to the case of a shaft loaded with pulleys,
by Professor REYNOLDS ; and the object of this investigation is to apply that theory
and so obtain formulw, and by experiment to verify them, giving the critical speed
in terms of the diameter of the shaft, weights of pulleys, &ec., in particular cases
applicable to the different conditions under which a shaft works.

In many cases, as might naturally be expected, the “ period of whirl ” of the shaft
is merely its natural period of lateral vibration when in a state of rest. The two
periods are coincident in the case of an unloaded shaft (however supported), and for
a loaded shaft on which the pulleys are placed in such positions that they rotate—
when the shaft is whirling—in planes perpendicular to the original alignment of the
shaft. 'With pulleys placed in any other positions, when the shaft is whirling, there
is a righting moment, tending to straighten the shaft, which does not exist when it
merely vibrates under the dead weight of the pulleys.

Hence, in an unloaded shaft, the period of whirl coincides with the natural period
of lateral vibration; but, generally, in a loaded shaft, the period of whirl is less than
the natural period of vibration, to an extent depending on the size and positions of
the pulleys.

If, therefore, the period of disturbance (that is, the period of one revolution) be
decreased, the shaft runs true until that period approximates to the natural period of
vibration of the shaft (assumed at rest) under the given conditions. If the shaft
now receive any displacement, however slight, a violent agitation is set up, which
will be most marked when the period of disturbance and the whirling period coincide.
As the period of disturbance is further decreased, the agitation becomes less, and, at
a period of disturbance slightly less than the whirling period of the shaft, the shaft
will again run true.

As in the vibration of rods, so in the whirling of shafts, there are a series of
periods at which the shaft whirls.

EXPERIMENTAL APPARATUS.

2. The experiments were made in the Whitworth Engineering Laboratory,
Owens College, where the essential facilities for obtaining uniform rotation at any

* Rankve’s  Machinery and Millwork,” p. 549.
1 ¢ Proc. of Inst. Mech. Engineers,” April, 1883.
MDCCCXCIV.—A. 2 o0
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282 MR. S. DUNKERLEY ON THE WHIRLING

speeds were afforded by one of Professor REyNoLps’ quadruple turbines working
under a constant head of 113 feet of water. .

The essential parts of the apparatus by which the different formule were verified
consisted of a (see fig. 1) cast-tron bed plate, of stiffened channel section, 3 feet
6 inches long and 4 inches wide, with its top and bottom faces planed parallel ;
a headstock which was 71 inches high, 4 inches wide, and 4 inches long, with its
bottom face planed ; a headstock spindle (which receives the motion), & inch diameter,
and provided with a shoulder at one end, a loose collar, and two speed pulleys, one

Y
Ly e boooo 4 oa

,,,,,

for directly receiving the motion, the other for transmitting the motion to a centri-
Sugal fon endicator, which approximately indicates the speed of the headstock
spindle, at any instant, by the height of a column of liquid forced by the fan up
a glass tube. The scale of the indicator was graduated by accurately determining
the speeds required to force the liquid up to two or three definite heights, and
so obtaining a formula by means of which the heights due to certain speeds can be
calculated. The formula so obtained was

N = 711446

where
N = number of revolutions of headstock spindle per minute,
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and
h = height of liquid, from level of still water, measured in inches.

The scale was graduated for every 100 revolutions per minute.

The bearings in which the experimental shaft ran consisted of brass castings of
L section with their bottom faces planed. They were bored at exactly the same
height as the headstock, and the length of the bearings was about an eighth of an
inch. The deflection of the shaft, when whirling, was limited by the use of guard
rings, which consisted merely of ordinary bearing castings bored to a slightly lavger
diameter than the diameter of the shaft.

The motion was transmitted from the shoulder end of the headstock spindle to the
experimental shaft by means of a piece of steel wire (about 1% inch long and
21 B.W.G. diameter), one end of which was soldered into the end of the shaft, the
other end being soldered into a piece of brass coned to fit into the headstock spindle.
By this means the shaft was subjected to very little constraint.

The headstock spindle was driven from a turbine which was 20 yards away
from the experimentalist’s bench. The motion was transmitted through 140 feet
of quarter-inch cotton rope, the rope ascending vertically from the turbine and
descending vertically to the headstock spindle. The admission of water to the
turbine was controlled by a hand-wheel close to the apparatus, by which an almost
indefinitely fine adjustment of the speed of the turbine could be made from 200 to
2000 revolutions per minute. By having speed-pulleys on the turbine shaft and
headstock spindle, a range of speed of from 100 to 10,000 revolutions per minute of
the headstock spindle was obtained.

3. In taking the number of revolutions corresponding to any period of whirl, an
ordinary counter pushed into the end of the headstock spindle was used. The
whirling speed was taken to be at the commencement of whirl, that is to say, at the
lowest speed at which the shaft definitely whirled. Readings were taken, in each
trial, over a period of from 3 to 5 minutes, the speed (if it varied from some cause)
being kept constant by means of the valve regulating wheel. The constancy of speed
was shown by the steadiness of the liquid column of the indicator. In making any
experiment three trials were made, and the mean of the results taken.

In all cases the theoretical speed was unknown when the actual whirling speed was
obtained.

4, The headstock spindle was originally driven by hand. This was accomplished
by means of two cast-iron speed pulleys turning on pins bolted to the two ends of a
cast-iron bracket, the bracket being boited to the headstock. By running from a
large pulley on the hand-wheel to a small one on the second wheel, and from a large
pulley on the second wheel to a small one on the headstock spindle, a very high speed

20 2
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284 MR. 8. DUNKERLEY ON THE WHIRLING

was attainable. The motion was naturally unsteady, and available only for short
periods, whilst an additional observer was required. By driving the shaft from the
turbine a practically constant steady speed was obtained, and the increased duration
of the trial considerably reduced the personal errors with the counter. Moreover, by
an arrangement for regulating the turbine valve at the bench, the action of the shaft
could be carefully observed whilst the speed was increased, and so personal errors in
determining the precise moment of whirl reduced to a minimum.

5. The EXPERIMENTATL SHAFT was of cast steel. It was 82°18 inches long, and
‘2488 inch diameter. The greatest variation in the diameter was 14 3ggths of an
inch. It wasturned by Mr. THos. Forsrir of the Whitworth Engineering Laboratory,
Owens College, Manchester, to whom the author is indebted for the preparation of
the greater part of the experimental apparatus.

The shaft weighed 200'2 grms., or 4414 1b. The weight per foot run was *1646 Ib.

The determination of E (Youna’s Modulus), or rather EI (I being the geometrical
moment of inertia of the cross-section about a diameter), was accomplished as
follows :—The experimental shaft was placed in bearings, 2 feet 8 inches apart, and
loaded at the centre. The deflection was measured by means of a micrometer, the
distance measured being taken between the top of the shaft and the bottom of a pin
fixed in one of the guard castings.

The mean of the results so obtained gives for the

Value of EI = 36°554
, B = 4,028,200,000,

the gravitational system of units being employed.
[Nore.-——The value of E expressed in pounds per square wnch
is 27,974,000,

6. The EXPERIMENTAL PULLEYS were of brass and of the
section (fig. 2).

The moment of inertia taken (for a reason which will appear
later) is
A - B,

where A, B are the mass-moments of inertia about the axis of
the shaft, and about a diameter passing through the centre of
gravity of the pulley perpendicular to the axis—both moments
being expressed in gravitation units which, it may be remarked,
are the ones adopted throughout the investigation.
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The following table gives the dimensions and other necessary information. In it
the notation used is as follows :—

W = Weight of pulley.
I’ = Moment of inertia (= A — B).

K = \/%(A — B), where g = 322,

E = Youxnd’s Modulus.

I = Geometrical moment of inertia of cross-section of shaft about a diameter.
Web. Nave.

Name V ) .
of Ip; Thickness | Diameter| Length | V" o L qv%rl T
e iameter ickness | Diameter | Length I

putley. n mn mn n

' inches. inches. inches. | inches.
I. 30050 ‘0497 46 ‘622 1216 | -00001207 | 003197 | 9681 | 3,028,000
11, ‘ 3-5134 ‘0882 488 738 2735 | *0000403 ‘004745 | 4303 906,700

The pulleys were bored so as to fit the largest part of the shaft, being kept in
position on it by rubbing bees-wax on the part of the shaft required, and heating the
pulleys sufficiently to melt the wax. On cooling, the wax was sufficient to firmly
secure the pulley in its place.

It may be mentioned that PurLrLey I. is the model of light pulleys generally used in
workshops ; whilst PurLey IL is the model of a 3-feet belt pulley, weighing about
500 lbs. In designing the experimental pulleys, account has, of course, been taken of
the different sized shafts on which the actual pulleys run-—the pulleys being designed
for weight and inertia.

The following are the actual sizes of the pulleys, of which I. and II. are models :-—

THE ROYAL
SOCIETY

Model pull Diameter of shaft, | Weight of actual Moment of
odel pulley. in ¢ns. pulley, in Ibs. inertia.
1. 24 95 716
I 3 490

10°04 -

PHILOSOPHICAL
TRANSACTIONS
OF

CHAPTER IIL—-GENERAL THEORY, AS GIVEN BY PROFESSOR REYNOLDS.

7. Take the axis of x to be the original alignment of the shaft; and that of y per-
pendicular to it and revolving with the shaft.
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Let
M = bending moment at a distance @ from the origin, and let the deflection

at this point be v.
C = centrifugal force per unit length of shaft.
I = geometrical moment of inertia of a cross-section of the shaft about a
diam.
E = Youna’s Modulus for the shaft.
o = angular velocity of shaft.
w = weight of shaft in Ibs. per foot run.
W = weight, in lbs., of any pulley which the shaft carries.
1" = some moment of inertia of the pulley yet to be determined.

Neglecting the dead weight of the shaft, the ordinary equations of the beam
give us

dPMjdar=C . . . . . . . . (1),
and
Pyld* =MJ/EI . . . . . . . . . . (2),
whence
d* C 1 /w
T%’izﬁi:——ﬁi <—g—w9‘ >::m‘-‘g/ o (3),
where

m = (wo?/gEI).

Equation (3) holds between every pair of singular points, that is to say, between
bearings and pulleys.

At a point of support, the difference of shearing force on the two sides must clearly
equal the pressure, that is,

dRfde — dLjde=TP . . . . . . . . . (4),

where R and L are the bending moments to the right and left of the support, and
P is the pressure on the support.

At a load consisting of a revolving weight W, this equation becomes (neglecting
the dead weight of the pulley)

dR/dx — dLjde = W/g.0 . . . . . . . . (5)

A further equation may be obtained by considering the ‘centrifugal couple”
tending to straighten the shaft. The moment of the centrifugal forces about a
diametral line in the plane of the pulley and passing through its centre of gravity is
T'w®.dy/dx where I’ = A — B,
and

A = mass-moment of inertia of pulley about an axis through its centre
of gravity perpendicular to its plane, and
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B = mass-moment of inertia about a diameter through its centre of gravity
perpendicular to the axis of the shaft.

Hence
R—L=eA—-B)dy/de . . . . . . . . (6)

8. The solution to equation (3) is well known to he

y = A cosh mz + Bsinhmz + Ccosmx 4+ Dsinmx . . . . (7).

A A

The quantities A, B, C, D are absolute constants between any two singular points,
but have not necessarily the same values between every pair of singular points.

If undashed symbols refer to those on the left, and dashed constants or symbols to
those on the right of a singular point, then since the values of y = dy/dx, are
continuous, we have, at all singular points, whether points of supports or pulleys,

y=1vy, dy/de= dy'/dx;
whence

(A — A') coshmz 4+ (B — B') sinhinx 4 (C — C’)cos mz + (D — D')sinmax =0 (8),

OF

(A — A') sinh mx + (B == B') cosh mx — (C — C") sin ma 4+ (D — D) cosmax =0 (9).
But, at points of supports, ¥y = 0, 3 = 0; whence

A cosh mx 4 Bsinhmx 4 Ccos mz -+ Dsinme =0 . . . (10),

A’ cosh mxz 4 B sinh mx 4 C' cos mx + D'sinmx=0. . . (11).

Also, since the bending moment is the same on both sides of a point of support,
Py/dx® = d%' |da?, whence

A \
|

THE ROYAL
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(A —A’) cosh mx + (B—DB’) sinh max — (C—C') cos mx — (D —D")sin mz =0 (12).

At a singular point, consisting of a concentrated load, we have, from equations (2)
and (5),
(A — A’) sinh mx 4 (B —B’) cosh mx 4 (C— C’) sin max — (D --D’) cos ma
w

T iyRL

«* {A cosh ma 4- B sinh ma 4- C cos mx +D sin ma} . . (13),

and, from equations (2) and (6),

OF

(A —A’) cosh ma 4+ (B—B’) sinh mx — (C—C’) cos ma — (D — D’) sin ma

a1/

I . .
— ;:l«‘l {A sinh mx + B cosh mz — C sin ma + 1 cos ma} . . (14).
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288 MR. S. DUNKERLEY ON THE WHIRLING

In addition to these equations we shall get equations according to the manner in
which the shaft is supported at the ends. If it merely rest on the bearing, so that
the bearing exercises no restraint on its direction, the bending moment at that point
is zero, that is, d*y/dx® = 0, and, therefore,

A cosh mx 4 B sinh mz — Ccos mez — Dsinmx=0 . . . (1))

On the other hand, if the bearing be so long that it practically guides the direction
of the shaft, in other words, if the shaft be fixed in direction, then we have dy/dx = 0,

or
A sinh ma 4 B cosh mx — Csin mx +D cosmax=0 . . . (16)

It will be found that, in every case, equations (8) to (16), inclusive, are sufficient in
number to allow of the elimination of the ratios A :B:C:D:A": B : &c. ‘

The resulting equation will give a relation between the whirling speed, size and
weight of the pulleys, diameter of the shaft, &c., that relation depending on the
manner in which the shaft is supported and loaded.

The proper value of @ has, of course, to be substituted, in the above equations, for
any particular singular point. '

The values of the constants A, B, C, D at the ends of a shaft are zero.

CHAPTER IIL.—SPECIAL CASES—UNLOADED SHAFTS.

Case 1.

9. OVERHANGING SHAFT, LENGTH ¢, FIXED IN DIRECTION AT ONE END,
Thus

PFig. 3.

We have (§ 7, p. 286, equation 3) d*y/da* = m'y, where m = (ww?/gEI)*, whence
| y = A cosh mx + B sinh mz 4 C cos mz + D sin ma. |
Taking the origin at the shoulder, we have, when =0,

y=20, dy/de=0,
and, when x = ¢,
dPyfda? = 0, dPy/da® =0

(shearing force zero). IHence we get
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A4+C=0. . . . . o (),
B+D=0. . . . . . . . . .. (@)

A cosh mc 4+ Bsinh me — Ccos me — Dsinme=0. . . . (3),
A sinh mc + B cosh me + Csin me — D cos mec =0 . . . (4).

The elimination of A : B: C: D, from these four equations, leads to either A = 0,
B=0,C=0,D=0, or to

(cosh mc + cos mc)? — (sinh me 4 sin mc) (sinh me — sin me) = 0,

1.6,
coshmecosme4+1=0 . . . . . . . . [A]l

The least value of mc which satisfies this equation is

me = 1°87001.%

Case I1.

10. SHAFT, LENGTH [/, MERELY RESTING ON A BEARING AT EACH END.

Thus—
Fig. 4.

7.

We have (§ 7, p. 286, equation 8) d*y/dx* = m'y, whence
i = A cosh ma + B sinh ma + C cos ma 4~ D sin ma.
Taking the origin at the left-hand bearing, we have, when x = 0 or [, y = 0,
d?y/dx® = 0, whence

A+C=0. . . . . . . . . ..,
A._'C=0.- o . . . .;. . . . (2),
A coshml + Bsinhml 4 Ccosml + Dsinml=0 . . . . (3),
A coshml + Bsinhml — Ccosml — Dsinml =0 . . . . (4)

* Porssoy, ¢ Traité de Mécanique,” vol. 2, § 528,
MDCCCXCIV,—A., 2r
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The elimination of A :B:C:D from these equations gives either A = 0, B = 0,
C=0,D=0,orsinml =0, wec.,
' ml = 314186.

11. Experimental Results.—For a description of the manner in which the experi-
ments were made, see § 3, p. 283.

The following are the mean results—the percentage errors being considered
positive or negative according as the observed is greater or less than the calculated

speed.
Number \, Percentage error being
of Date. Conditions. Oz)sg,zged (,dslc:g]ted observed-calculated
experiment. peed. peed. 100 % = ved
2 June 22, 1892 | Free span of 2’8" 1119 1121 -2
1 » ” ” » 26" 1293 1275 + 4

The experiments show that, in the simple case of a shaft resting on two bearings
in which the conditions required by the theory can be very closely approximated to
in practice, there is no appreciable difference between the observed and calculated
speeds.

Case 111

12. SHAFT SUPPORTED ON BEARINGS / FEET APART AND OVERHANGING TO A
LENGTH ¢ ON ONE SIDE.

Thus—
Fig. 5.
: l ‘; - c ‘“‘-‘?
| o
B Aé fad
v .

Taking the origin at A, we have from B to A,
-y = A cosh ma + Bsinh mx + C cos ma 4 D sin ma,
and, from A to C,
y' = A’ cosh ma + B’ sinh max + C’ cos ma + D’ sin max
(§ 8, p. 287, equation 7).


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

A \
I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

AND VIBRATION OF SHAFTS. 291

When 2 = — 1,
y=0, dPy/da® == 0,
and when x =0,

y=0, y =0, dy/dx = dy’/dx, Py /da® = d%'[dat.

Also, when = = ¢,

&y [da® = 0, d3y /da® = 0 (shearing force zero).

Hence, we get

A coshml — Bsinhml 4 Ccosml — Dsinml =0 . . . . (1),
A coshml — Bsinhml — Ccosml + Dsinml =0 . . . . (2),
A+C=0. . . . . . . . . .. (),

A’+C’=Q. S (4),
B=B)+(D—=D)=0 . . . . . . . . (5),
A-A)—(C—=-0C)=0 . . . . . . . . (6),
A’coshmc+B’sinhﬁc—C’cosmc—D'sinmc:O. e (7)),
A’ sinh me 4+ B’ coshme + C'sinme -— D' cosme=0. . .- . (8).

The elimination of A :B:C:D:A’: B : C': D’ from these equations leads to the
result
(cosh ml sin ml — sinh ml cos ml) X (cosh me sin me — sinh me cos me)
— 2sinh mlsinml (1 4+ coshmecosme)=0 . . . . . [A]

If | = 0, by dividing throughout by sinh ml sin ml, the equation reduces to
1 + cosh mc cos mec = 0

the equation already obtained for an overhanging shaft fixed in direction at one end
(Case 1, §9, p. 289).

If ¢ = 0, the equation [A] reduces to sinh ml sin ml = 0, 7.e., sin ml = 0, the
equation already obtained for a shaft resting freely on a bearing at each end (Case II,
§ 10, p. 290).

27Pr2
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292 MR. S. DUNKERLEY ON THE WHIRLING

The general solution to equation [A]is best obtained by assuming ¢ = al, where &
is less than unity, and expanding each term in ascending powers of ml. In this
manner we get, to a sufficient degree of approximation, the equation

(ml)° {270 + 3;‘5} — (mi)* {“4 + 5 } +a=0.

From this equation the following results—giving the values of ml for different
values of a—have been obtained.

Ratio a. Value of ml.
Unity . . . . . . 1-506
Three-quarters . . . 1-:902
Omne-half . . . . . 2-507
One-third. . . . . 2:905
One-quarter . . . . 3009
One-fifth . . . . . 3:044
One-sixth. . . . . 3-:060
One-seventh. . . . 3-069
One-eighth . . . . 3071
One-ninth . . . . 3073
One-tenth . . . . 3-078
Very small . . . . 3:080

If we assume ml = A, then the number of revolutions will be a maximum for a
given length (I + c) of shafting, when A (1 4 «¢) is a maximum. From the above
results the speed will be a maximum when the ratio (@) is one-third.

Hence, for a shaft of given length running on two bearings, one being placed at
the end, the best position for the other bea,rmg is such that it divides the length of
the shafting in the proportion of 1 : 3.

In all cases that occur in practice the overhanging portion is small compared to the
span. Hence, we may say that if a shaft, span /, overhang a distance less than
one-fifth the span, then ml = 3'078.

18. Experimentol Results.
The following are the mean results, the calculated speeds being obtained according
to the formule in the preceding article (p. 292), when the particular value of ¢/l is

taken.
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AND VIBRATION OF SHAFTS. 293
Conditions.
Number of Date. Observed | Calculated Percg{x’gg;g:eg{gﬁck:ﬁgégd
Experiment. . |Overhanging| speed. speed. 100 x Sl T SR
3 Ratio — &, |, Span in portion in observed
7 * |inches (0).| jnches ().
1892
24 Oct. 19 & 29:10 2:91 1309 | 1301 + 6
25 » 19 + 28-80 320 1355 1324 + 23
27 5 20 | i 2844 356 1372 1356 -+ 12
26 » 19 1 28-00 4:00 1435 1397 + 26
28 » 20 1 27-42 | 457 1456 1448 : + 5
29 , 20 1 2666 533 | 1472 1516 — 30
30 »w 20 % 2560 640 1545 1603 - 29
31 , 20 S 2400 | 800 1606 1704 —61
32 . 20 1 2133 | 1066 1558 1606 - 31
33 » 20 3 18-30 1370 1201 1256 — 46
34 ,» 20 1 16:00 16-00 1002 1031 . — 29

These results show that the calculated speeds are less than the observed speeds
provided a (that is ¢/7) be less than one-fifth (which is always the case in practice),
and in excess for greater values of ¢/l. In only two cases is the percentage error
greater than 3 per cent., thus amply verifying the theory. The maximum observed
speed is when ¢/l = 1/3, a result which has been shown to follow immediately from
the equations. '

Case 1V,

14. SHAFT, LENGTH [ RESTING FREELY ON A SUPPORT AT ONE END AND FIXED
IN DIRECTION AT THE OTHER,
Thus—

We have (§ 8, p. 287, equation 7)
y = A cosh mx 4 B sinh ma + C cos ma + D sin ma.
Taking the origin at A, we have, when « = 0,

y=0, dy/dx = 0 ;
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294 MR. S. DUNKERLEY ON THE WHIRLING

and when z =,
y =0, dPyida® = 0.

Hence,
A4+C=0. . . . . . . . . ()
B+D=o0. . . . . . . . . .. (2
A coshml + Bsinhml 4+ Cceosml + Dsinml=0 . . . . (3),
A coshml + Bsinhml — Ccosml — Dsinml=0 . . . . (4)

The elimination of; A : B :C: D from these equations leads to

coth ml = cot ml.

To solve this equation, draw the curves of coth ml and cot ml. The points of
intersection of y = coth m! with y = cot ml will give values of ml which satisfy the

equation coth ml = cot ml.
Rig. 7.

297

Y

I

From the diagram, it will be seen that the first value of ml is less than 7 + ir
by a small quantity. It may be shown that, to a sufficient degree of approximation,

ml = 39266.
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Case V.

15. SHAFT SUPPORTED ON THREE SUPPORTS, /; AND [, FEET APART RESPECTIVELY, A
SUPPORT BEING AT EACH END.

Thus—
i
CE A%

Take the origin at A, and let dashed letters refer to the right of A, and undashed
letters to the left. Then we have (§ 8, p. 287, equation 7) from C to A,

y = A cosh max + B sinh ma + C cos me + D sin ma,

and from A to B, ‘
y = A’ cosh mx + B’ sinh mx 4 C’ cos ma + D’ sin ma.
When x =0
=0, y =0, dy/dx = dy’/dx, dPy/da® = d¥y [dc?
when . = — [,
y=0, dPy/da* = 0 ;
when z = [,
y =0, APy [da* = 0.
Hence we get

A+C=0. . . . ..o L),
A+C=0. . . . . . .. ... ()
B=B)+(D=D)=0 . . . . . ... (@)

A—-A)—(C=C)=0 . .’ Coe e e (9),

A cosh mi, — Bsinhml, + Ccosmly — Dsinml, = 0. . . .(n
A cosh ml1 — Bsiﬁil mzl —‘C”cos’, mll‘ + Dsinml=0. . . . (6),
A’ cosh ml, 4+ B'sinh ml, 4+ C'cos mly + D' sinméy =0. . . . (7),

A’ cosh mly + B’ sinh mly — C cos mly — D'sinmly = 0. . .. . (8).
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By eliminating A : B:C:D : A" : B : C': D from these equations we obtain the
results, that either A = 0 or ‘

coth ml; + coth mly = cot ml, + cot ml,,

First consider the solution A = 0. ‘ »
1t follows that B, B, C, C', A’ are all zero, and that

D=DD, D'sinml, = 0, D sinml; = 0.
Hence, in addition to the solution
coth ml; + coth ml, = cot ml; + cot ml,,

the equations (1)—(8) are satisfied when

mll = am

} simultaneously,

mly = br

@ and b being integers. Hence, if b be a multiple of «, that is, if I/, be a multiple of

l,, one speed of whirl is clearly that of the shorter span when the longer span

is neglected—a result, of course, identical with the vibration of strings in segments. .
Secondly, consider the solution '

coth ml; + coth ml, = cot ml;, + cot, ml,.

If i, =1, or l,= 0, we get .
coth ml, = cot ml,.

The physical interpretation of this equation is that the shaft in the one case
is horizontal at the middle bearing, and in the other at the end bearing. In other
words we get Case I'V., § 14, p. 294, which has already been solved.

- [Tt should be noticed that the case when I, = [, comes under the first solution.]

The solution to the general equation

coth mzl + coth ml, = cot ml, 4 cot ml,

méy be performed by putting
mly, = a. ml,,

where « is the ratio of the spans, being always less than unity. By expanding we
obtain the equation : o
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(ml,8) {38a® + 23a” — 488a® — 562a5 4 76a* — 5620 — 4880 4 23a + 30}
— 31680 (ml)* {3a* + 40® — 4a® + 4a 4+ 3} + 19958400 = 0. ‘

The following are the results obtained from this equation, the value of ml having
been calculated for different values of «.

Value of a = B/l;. Value of ml;.

Very small 39003

Tlm %7 or % 37620

i, % or } 36480

: 36056

1 3:5101

3 to 3:3282
2t01 3-1416

The formula is not sufficiently approximate if ¢ > 4
When o is very small (< %) the result closely apprommate% fo the result obtained
for a shaft working in a sleeve at one end, viz. :

ml = 39266, (§ 14, p. 294.)
16. FHxperimenial Results.

The following are the mean results, the calculated{ speeds being obtained according
to the formule in the preceding article when the particular value of #,/l, is taken.

Conditions.
pyamber of | Date, shorter | Longer | Conoyed| Celonlated lOorir%%ﬁ%‘éfi°ﬁaﬁ§$§tea
Ratio /7). | span (&) | span (%) observed speed.
in inches. | in inches.
1392,

36 Oct. 21 & 2:91 29-10 1942 1943 0

37 . 21 1 400 | 2800 2051 1974 + 87

42 , 22 1 4057 2742 2035 2058 — 11

38 , 21 640 | 2560 2251 2307 | — 24

41 , 22 1 800 | 24:00 2500 2487 + 5

39 . 22 1 1066 | 2133 3020 2830 + 62

40 , 22 3 1370 1820 3873 3889 — 4

3 May 9 1 15-00 1500 5137 5100 + 7

56 Nov. 5 1 16:00 16-:00 4390 4484 - 21

MDCCCXCIV.,—A. 2 Q
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298 MR. 8. DUNKERLEY ON THE WHIRLING

It will be noticed that in some of these experiments the observed speed is greater,
and in others less, than the calculated speed.

With the exception of Experiment 39, the experiments amply verify the theory.
From Experiment 39 it would appear that when the ratio of the spans is one-half, the
calculated speed is less than the observed speed. It, therefore, errs on the right side.

It appears from Experiment 40, that the same formula as for & =} holds, to a
sufficient degree of approximation, until the ratio of the spans is equal to £.

Case V1,
L7. SHAPT, LENGTH [/, FIXED IN DIRECTION AT EACH END.
Thus—
Fig. 9.
P T, l o e+ S

Taking the origin at A, we have (§ 8, p. 287, equation 7)

y = A cosh mx 4+ B sinh mx + C cos ma + D sin mx

when © = 0, or [,

y =0,
dy/dx = 0 ;
whence
A+C=0. . . . . . . . . . (D
B4+D=o0o. . . . . . . . . .. (2),
A cosh ml 4 Bsinhml 4+ Coosml + Dsinml=0. . . . (3),
A ginh m! + Beoshml — Csinml 4+ Decosml=0. . . . (4)

The elimination of A : B: C: D from these equations leads to
cosh ml cos ml — 1 = 0.

The least value of ml which satisfies this equation is
ml == 474503.%*

* Porsson, ¢ Traité de Mécanique,’ vol. 2, § 528.
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CHAPTER IV.—SPECIAL CASES-—LOADED SHAFTS.

18. In considering shafts loaded with pulleys two methods may be adopted.

Fyrst.  The period of whirl may be calculated taking both the shaft and pulleys
into account together.

Second. The period of whirl may be first calculated for the shaft, neglecting the
pulleys, and then for the pulleys, neglecting the shaft. By means of an approximate
formula, the period of whirl, taking both shaft and pulleys into account, may be
calculated from the separately calculated periods of whirl.

Firsr METHOD OF SOLUTION.

Investigation shows that the first method leads to equations which are not solvable,
so as to give results in a form convenient for actual use.
The‘following two simple cases will illustrate this.

Case VII.

19. OVERHANGING SHAFT, LENGTH ¢, FIXED 1IN DIRECTION AT ONE END, AND
LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I, AT ITS FREE
END, THE COMBINED EFFECIS OF BOTH SHAFT AND PULLEY BEING TAKEN INTC
ACCOUNT.

Thus-—
Fig. 10.

)
777 ///////////

AN

we have (§7, p. 286, equation 3) for every point between the bearing and the
pulley,
dby/dat = mhy, where m = (wo?/gEL)! ;
whence
y = A cosh ma + Bsinh mz 4+ C cos ma + D sin ma.

Taking the origin at the shoulder, we have at a singular point consisting of a
concentrated load,

dR/dx — dLjdx = W/g.0%; (§7, p. 286, equation 5).
2 Q 2
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whence, when & = ¢, since R = 0, we get

We? Wo? .
A {smh me —l— Tl cosh mc} + B {cosh me + igRl sinh mc}
9 2

Wo - Wo? .
+ C {sm me + - JHT (08 mc} —D {cos me — i i mc} =0 . (L)

Again, from equation (6), p. 287, we have

R — L = ™' dy/da ;

wherefore, when = = ¢,

’

A {cosh Me -l— — smh fmc} + B {smh me + o'l cosh mc}

mEIL
—C +LI/ } D {sinme — - ¢ =0 2
{cos me + ot sin me {sm MG — T €08 mc} = . (2)
Again, when « = 0, :
y=0, dy/dx =0 ;
whence

A4+C=0. . . . . . . .03,
B+D=o0. . . . . . . . . . . (4

The elimination of A :B:C:D from the four marked equations leads to

Wotl’ o1’ Wo?
cosh me {cos me <1 + m4gE212> -+ sinmc < I m3gEI>}
. Weo? o?l’ Wetl’ -
+ sinh me cos me {mSgEI + m]ﬂ} + {1 por gEQP} =0 . [A]

If we assume the pulley to be removed, that is, if we put

W =0, I'=0,
in equation [A], we obtain
cosh meccosme + 1 =0,

the same as that obtained in Case L, p. 288.

The equa,‘mon [A] can only be solved by assuming some relatlon between the
coefticients ; in other words, we cannot obtain a general solution which could be
readily applied in any actual case.
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Case VIII.

20. SHAFT LENGTH /, MERELY RESTING ON A SUPPORT AT EACH END, AND LOADED
WITH A PULLEY, WEIGHT W AND MOMENT OF INERTTA [' AT DISTANCES ¢, ¢’ FROM THE
SUPPORTS.

Thus—

M
o~

: To
A‘ ﬁgf - c

Taking the origin at A, we have (§ 8, p. 287, equation 7) from A to B,

y = A cosh mx 4+ B sinh max 4 C cos mx + D sin ma,
and from B to C,

y = A’ cosh mx 4+ B sinh ma 4 C’ cos ma 4+ D’ sin mz,

where dashed letters refer to the right, and undashed letters to the left of the pulley.
At the pulley, when « = ¢, we have (§ 8, p. 287, equation 13)
(A — A’) sinh mc + (B — B) cosh mc 4 (C — C’) sin mec — (D — D’) cos me

Wa])jl (A cosh me 4+ Bsinhme + Ccosme 4+ Dsinme) . . . (1)

miy

—_—

Again, from equation 14, p. 287, we have
(A — A’) cosh me + (B — B') sinh m¢ — (C — C') cos me — (D — D) sin me
= — %(Asinhmc + Bceoshme — Csinme + Deosme) . . . . (2),
when

z=c¢, y=y, dylde=dy]ds,

whence

(A — A") cosh me+ (B —B) sinh me 4 (C —C') cos me+ (D — D) sin me=0 (3).
(A — A’)sinh me 4+ (B —B’) cosh me — (C—C') sinme+ (D — D') cosme =0 (4).

Again, when z = 0, or [, \
y=0,

dy/dat = 0,
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whence
A4+C=0. . . . . . . . . .. (5
A—=C=0. . . . . . . . . . . (6),
A’ cosh ml + B’ sinhml + ¢ cosml 4 D'sinml=0 . . . . (7),
A’ cosh ml 4 B'sinhml — C'cosml — D" sinml=10 . . . . (8).

The elimination of A:B:C:D: A" : B :C : D’ from these eight equations leads to

2 sinh ml (a sin me sin m¢’” 4 B cos me cos mc’)
— 2 sin m{ (& sinh mc sinh mc” 4 B cosh me cosh m¢’) — 4 sin ml sinh m]
~+ aB {(cos me cos m¢’ sinh me sinh m¢” 4 sin me sin mc” cosh mic cosh mc”)
— (sin mc cos mc’ cosh me sinh m¢” 4 cos me sin mc’ sinh me cosh me’)} =0 [A],

where

a = Wao/migLl, B = ?’I'/mEL

Equation [A] is, of course, symmetrical with respect to ¢, ¢'.
If we imagine the pulley to be removed (by putting W =0 and I' = 0) the
equation A reduces to
, sin m/ sinh ml = 0,
..,
ml = m,

a result already obtained in Case IL., p. 290.
As in Case VII., § 19, we cannot obtain a general solution to [A], which could be
readily applied in any actual case.

SrEcoND METHOD OF SOLUTION.

21. The formulse obtained by considering the effect of the pulleys and the shaft
combined have thus been shown, even in simple cases, to be absolutely useless for
practical purposes.

By the second method of solution the whirling speed of the pulley neglecting the
shaft is first obtained. The general theory (Chapter 1I.) will have, therefore, to be
slightly modified.

Since

w =0,
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equation 3, of § 7, becomes
dyfde*="0. . . . . . . . . . . (1),
and, therefore,
' A . B,
y=-gu -[——2—:6 +Ce+D. . . . . . (2.

If; as before (§ 8), undashed symbols refer to the symbols or constants on the left,
and dashed symbols to those on the right of a singular point, then (as in Chapter I1.,
equations 7-16) we shall have precisely the same differential equations holding at
the specified singular points, the only difference being that when those differential
equations are integrated, the forms of the resulting equations are altered from a
trigonometrical (in Chapter 1L) to an algebraic form in the present case.

22. It is now proposed to investigate some of the cases, commonly occurring in
practice, according to the second method of solution. Whatever be the manner
in which the shaft is supported, the effect of the shaft is neglected, and the shaft
supposed to be loaded with one pulley only.

The effect of the shaft, and of more than one pulley, will be considered in §§ 59-62.

Case IX.

23. OVEROANGING SHAFT, LENGTH ¢, FIXED IN DIRECTION AT ONE END, AND
LOADED WITH A PULLEY, WEIGHT W, AND MOMENT OF INERTIA, 1" AT ITS END.
Thus—

Fig. 12.

We have (§ 21, equation 2),

y:

A
6

903+-19iw2+090+D.
Taking the origin at the shoulders, we have, when = 0,

y =0, dy/dx == 0,
whence

C=0. . . . . . . . . ...
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304 MR. S. DUNKERLEY ON THE WHIRLING

When z = ¢, that is, at the pulley, we have

R—L=ol % j| (§ 7, equation 6),
r
i%)” - g—i—' —‘g— %y J' (§ 7, equation 5).
whence
Pyjda? = — o®1'/EL. dy/dz,
and
dyjda® = — W/gEL. ofy,
or
Ac+B= — %{f&-cuch-o} (),
and
W A B
A= —;ﬁwz{ fffff 03+-2—02+00+D} @)
Let '

a = Wo?/gEI, B = T'o*/El,

so that B = ak® where &k = ,/(gI'/W), I' having the value assigned to it in § 7.
The elimination of A : B:C:D from the four equations marked leads to

JoaBt - dad — (Be4+ 1) =0 . . . . . . . [A]

./].LI{< 29?)21:/\/(6_27_0;)‘ 1;:2}. ... . [Bl

24. Equation [A] may be put in the form

whence

o 3 — ac® 4
T ad —12 we

If ac® be < 8 or > 12, k* is negative, and therefore the equations do not hold.
Hence, for whirling to be at all possible, ac® must be > 8 and < 12; that is,
©*. Wc*/gEL must lie between 3 and 12.

The speeds which these values give for any value of ¢ may be termed the inferior
and superior limits of the speed.

The values of & corresponding to these limits are zero and infinity. In other words,
if the shaft whirl at a speed which satisfies

0. Wc3/gEl = 3 or 12,

the effect of the inertia of the pulley is either zero or infinity. In the first case we
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AND VIBRATION OF SHAFTS. 305

should have zero righting moment, and in the second, an infinite righting moment.
In other words, in the one case there would be no tendency to make the pulley
deviate from its natural plane of rotation, and in the other, any such tendency would
be met by an infinite moment tending immediately to right it. In either case, there-
fore—assuming whirling to take place at the speeds given by the limiting values of
ac®—it, would whirl in such a manner that the pulley still rotates in a plane perpen-
dicular to the original alignment of the shaft.

In fact, the period of whirling, corresponding to the inferior limat of the speed, is
identical with the natural period of vibration of the light shaft under the given
conditions.

This may be easily proved independently.*

The superior limit is double the inferior limit.

The inferior limit may be taken as a first approximation to the period of whirl,

25. Referring to equation [B], § 23, by giving ¢/k different values likely to be met
with in practice, we get, for each value of c¢/k, a relation between o, the angular
velocity of whirl, and ¢, the overhanging portion. Knowing, therefore, the particular
value of ¢, the value of » may be readily calculated.

The following are the results obtained in this manner from equation [B]:—

* This may be seen as follows :—

If W be the weight of the pulley, and e the force necessary to deflect it one foot, then ¢ (the time of
lateral vibration) is 27./(W/ge). To get ¢, if P be the load acting at a distance ¢ from the shoulder, as
in fig. 12, M the bending moment at a distance @ from the shoulder, then

M = Pz,
d% /de? = M/EI =P2/EI,

where F and I have the same meaning as in the text.
Hence,
y="1% 4 Aw+B,
6E1L
where A and B are constants of integration. When 2 =0, y =0, and dy/do = 0; whence B =0,
A =0, and
y = Pa3|6RI.

The deflection, therefore, at the weight is Pc?/6EI, and P == ¢ when this is unity. Hence ¢ = 6E1/c?
and, therefore,
t = natural period of lateral vibration
= 27 ./ (Wc3/6gEI).
Whence
w =27 [t = 4/ (6gBI/We?) = 1732/ (gEI/Wc?),

MDCCCXCIV.—A. 2R
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306 MR. S. DUNKERLEY ON THE WHIRLING

Values of 0 tn the equation w = 0.,/(9E1/Wc?), ¢ being the Distance of the Pulley
Jrom the Shoulder.

Value of cfk. Value of 0.
Small (superior limit) . . . . 3464
25 L L Lo 3437
50 . . oo 3356
743 2 3225
00 . . .00 3:048
s ... . s 2841
50 . . . . L 2628
R4 T 2:437
200 . . . . .. 2282
Large (inferior limit) . . . . 1-782
Case X.

26. SHATT, LENGTH [, MERELY RESTING ON A SUPPORT AT EACH END AND LOADED
WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I’, AT DISTANCES ¢, ¢’ FROM

THE SUPPORTS.

Thus—
Fig. 18.

Let the origin be taken at the left-hand bearing.
We have (§ 21, equation 2)

between A and B, and

between B and C.
When z = 0,
y =0, dPy/da? = 0
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Therefore

D=o.
B =0.
When _
x=1, y =0, &>y /da* = 0 ;
therefore

AppTraci4n=0

AT+ B =0
At the pulley, when @ = ¢,
y=1, dy/de = dy'/dx ;

therefore

A;Alc3+B—2—B’c2+(C—O/)C-I-(D—D/):O

A A
2

F+B—B)e+(C—=C)=0

Again, when x = ¢,

dLjdx — dR/dx = — . W /g (§7, equation (5)),

and

L—R=—oldy/de (§7,equation (6));
whence

r__ We? _é 3 4 _]3)_

A-—A._-gEI{ﬁ A4 Cg—l—-Cc-I-D} .

and
) , /A
(A=A)e+ (B—B)= — %5 ¢ + Be + C)

The elimination of the seven ratios
A:B:C:D:A:B.C: D

from the equations marked leads to the equation

cit {4 _a(d e 2o 2y

c ¢ ¢ e3¢

in which

a = Wo?/gEI, k= ,/(9I'/W) (see § 23, p. 303).

2R 2

307

(1),
(2)-

(3)7
(4).

(),

(6)-

(),

(8).

(Al
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308 MR. S. DUNKERLEY ON THE WHIRLING

Hence,
31 1 — o (¢?/3])

ace’  c? c d ’
“ 5 _<c' + ¢ ——1>

so that, for whirling to be at all possible (see Case IX., § 24, p. 804), ac®¢?/3] must
be >1 and < ¢/¢’+ ¢'Je — 1.

If ac*c’®/31 be equal to the first or second .of these quantities, the corresponding
value of  is the inferior or superior limit of the speed respectively. Moreover, the
period of whirl corresponding to the inferior limit of speed is identical with the
natural period of vibration of the light shaft under the given conditions.® |

The superior limit is the inferior limit multiplied by some function of the position
of the pulley. With the same pulley on the same shaft the superior limit = inferior

limit X 4/(¢/¢’ 4 ¢'Jc — 1).

* This may be seen as follows :—

If W be the weight of the pulley, and e the force necessary to deflect it one foot, then ¢ (the time of
lateral vibration) is 27,/(W/ge). 'To get ¢, if P be the load acting at distances ¢, ¢' from the bearings,
as in fig. 13, M the bending moment at a distance 2 from the shoulder, then (fig. 12) M = 2. W¢'/l from
A to B, and (I — #).We/l from B to C. Hence

dty[da? = 2. Pc'[IET, from A to B,
%y |da? = (I — @).Pe[IRI, from B to C,

B and T having the same meanings as in the text.
" We get, therefore,

yz%%,'?g—f—Ew—i—F,fromAtoB P ¢ O R
y = 7%% (lzf - %3) +Ez+F,fromBtoC . . . . . . . . (2.
‘When
=0, y=0; therefore F=0 . . . . . . . . . . (3.
‘When
2=1 4 =0;
therefore
) Pel? 5
F:—ﬁﬁ—h’l. N )
When
wx=c¢, y=1, and dy/de = dy'[/ds;
therefore
/ P
'(F——F’)+(E—-E)c-—-1—ﬁ'~3«=0 e e e . ),
) P .
(E—E)—ﬁug:O P ()

Trom equations (3), (4), (5), and. (6), we get
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AND VIBRATION OF SHAFTS. 309

If ¢ = ¢, that is to say, if the pulley be placed in the middle of the span, the
superior and inferior limits coincide, and the puliey, at all speeds, revolves in a plane
perpendicular to the original alignment of the shaft. Whatever be the size of the
pulley, the period of whirling is the same as the ““ natural period of vibration.”

The solution to equation [A] may be put in the form

o= 5%?[{@ + i“"i"a-?)) —1 “_gb} T \/{<1 +1 3) ~ ‘1‘%}2"“ (14 _.22)] [B]

in which

a = ¢/k = ratio of the distance of the pulley from the nearer bearing to the radius of
gyration, and '

b = ¢/l = ratio of the distance of the pulley from the nearer bearing to the whole
span.

Assuming certain values for o and b, results might be obtained giving relations
between o, W, ¢. In the equation [B], the ratio b fixes the position of the pulley on

v Pe3

SEEE e (D
, Pe P ’
E_-_Eﬁ(l+§ Y A

whence, substituting in (2) we get

o Pe(la® o __ Pex ¢ Pc
y"z‘E‘i(‘z’ F) ﬁf(”éi)*@ﬁ‘

Hence, when

®=c,
deflection
_ P
SIET
This is unity when P = ¢, wherefore
€ = @_I. .
PoRE)
Hence
— W _ We2e'?
t = 2m E; = 2 e .
The corresponding value of w in text is
w == _2.27.. — ‘éﬂ )
¢ Wesc'?
therefore
(W) (29 2
gEI/\ 3! ’
or
) ac??[3l =1,
as in text.
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310 MR. S. DUNKERLEY ON THE WHIRLING

the shaft ; and that being determined upon, the ratio o will fix the size of the pulley.
For the same value of b, therefore, we should have different values of «.

The following are the results obtained, in this manner, from equation [B]. The
vertical columns give the values of @ for different values of @, the value of b being fixed ;
whilst the rows denote the values of 6 for different values of b, the value of « being
kept the same.

27. Values of 0 in the equation » = 0 /(gEI/W¢?), ¢ being the distance of the pulley
Jfrom the nearer bearing.

Values of b = ¢/l
Very a1 1 1 1 L 1 1
small, 10° R " 5 i B 2
S‘ﬁ’;ﬁiﬁ"r 1732 | 1734 | 1736 | 1738 | 1747 | 1764 | 1837 | 2450
25 1677 | 1678 | 1680 | 1683 | 1691 | 1724 | 1813 | 2450
50 1500 | 1516 | 1523 | 1540 | 1570 | 1619 | 1753 | 2450
75 1145 | 1267 | 1282 | 1336 | 1396 | 1488 | 1686 | 2450
ﬁ' - - - [N IO S
M 1-00 0 978 | 1048 | 1153 | 1247 | 1381 | 1633 | 2450
S
< ) }
g 1-25 do. 819 908 | 1040 | 1151 | 1310 | 1596 | 2450
S
1'50 do. 787 -835 970 | 1095 | 1266 | 1572 | 2450
175 do. 700 795 940 | 1055 | 1237 | 1585 | 2450
2-00 do. 676 770 916 | 1038 | 1212 | 1543 | 2450
Inforior | g4 600 | 699 | 848 | 969 | 1155 | 1500 | 2450

It may be pointed out that when [ is very large, and the pulley near the bearing, so
that ¢/l is very small, the inferior limit for the case of the overhanging shaft (Case 1X.,
§ 25) is the superior limit for the case of pulley on a shaft resting on two bearings,
the value of ¢ being the same in both cases. The superior limit varies from 2:85
times the inferior limit to equality with it; and as the pulley is removed from the
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AND VIBRATION OF SHAFTS . 311

bearing to the centre of the span, the limits between which whirling is possible
approximate more closely to each other.

28. Experimental Results.

The results, as given by equation [A.], page 308, merely take account of the effect
of one pulley, the effect of the shaft and of all other pulleys which it carries being
neglected. If Ny, N, be the separate speeds of whirl of the shaft and pulley, on the
assumption that the effect of one 1is neglected when that of the other s under con-
sideration, then it is shown in § 62, page 357, that the resulting speed of whirl due to
both causes combined may be taken to be of the form

N\No/v/(N}* + Ny?).

If the resulting speed given by this formula does not sufficiently approximate to the
observed speed, then, by the introduction, tn the terms of the denomenator, of constant
multipliers (which are determined by expervment), it will be shown, as occasion arises,
that the speed given by the formula may be made to sufficiently approximate to the
actual speed in all cases. Generally, however, the resulting speed given by the formula

NiNy//(N? + NP)

will be found to give results sufficiently accurate for practical purposes.

29. The following are the mean results of experiments made with pulleys I. and IT1.
(see Chapter L, § 6, page 285) in different positions. The shaft, without the pulley,
has been investigated in §§ 10, 11 ; whilst the calculated speeds for the pulleys alone
have been obtained from equation [A.], page 808. The resulting calculated speed is
taken to be N{No/\/(N,* + N,?) where N;, N, are the separate speeds of whirl of the
shaft and pulley. In all cases the distances ¢, ¢’ are measured from the centre of the
bearings to the centre of the pulley.

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Puriey I
Conditions. Calculated Calculated
speed, neglect-| speed, neglect- ;
Number of Observed ir?g pulle)gvr and iEr)lg shaft aild ggiﬁ?ggz Percentage

Experiment. 1 c 4 speed. || merely taking | merely taking sweed error.

in in in account of account of pood.

inches. | inches. | inches. shaft (= N,). | pulley (= Ny).
1892.

48 Oct. 26 | 3200 | 100 | 8100 || 1150 1121 13537 1117 + 29
46 » 32:00| 2911|2910 || 1123 1121 4621 1089 + 30
47 ’ 32:00| 4-00 | 2800 || 1101 1121 35663 1069 + 29
45 ” 32:00| 533 | 2666 1044 1121 2705 1036 + 8
44 ” 32001 1066 | 21-33 952 1121 1683 933 + 2:0
43 Oct. 24 | 32:00 | 16-00 | 16:00 921 1121 1495 897 + 26
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312 MR. S. DUNKERLEY ON THE WHIRLING
Purrey IL
Conditions. Cal(;:ula,ted Calculated
eed,neglect- d, lect- .
Number of Date Observed fx?g pulle}% and sigegeSh:feég ai?d cfftf:lei@% Percentage
Experiment. ate. 14 ¢ ¢ speed. || merely taking | merely taking speed €ITOr.
in in in account of account of peod.
inches. | inches. | inches. shaft (= N;). | pulley (= Ny).
1892. - |
54 Nov. 4 | 32:00| 100 |31-00 1130 1121 10355 1115 + 13
53 ” 32:00 | 29112910 || 1046 1121 3116 1055 - 8
52 ’ 32:00| 400 | 28:00 1007 1121 2389 1013 — 6
51 Nov. 3 | 32:00| 5'33 | 2666 942 1121 1808 953 — 11
50 ' 32+00 | 1066 | 21-33 803 1121 1122 793 + 12
49 Nov. 2 | 3200|1600 | 16:00 769 1121 997 745 + 31

It will be noticed that in no case does the error materially exceed 3 per cent. of
the observed speed. From Experiments 48, 46, and 54 it would appear that with
the pulley near the bearing the pulley stiffens the shaft. That is to say, the shaft
would whirl at a lower speed without the pulley than with it. The resulting
calculated speed given above (viz., N\N,/,/(N,* 4+ N,?)) must, of necessity, be less
than either N, or N,. If, however, the resulting calculated speed be taken to be
N, N,//(N* + aN,?), where a is some constant determined from the experiments,
then when N, is large compared to N, the resulting speed is N,/4/a, and if a be less
than unity this would be greater than N;. In this way all the calculated results
could be made higher than those given above, so that in the experiments on Pulley I.
(since the observed is greater than the calculated speed throughout) the observed
and calculated results could be made to differ very slightly from one another. As,
however, the errors in the experiments on Pulley II. are sometimes positive and
sometimes negative, the resulting speed given by N;N,//(N,? 4+ N,?) is sufficiently
near the actual speed for practical purposes.

30. The following are the mean results of experiments with both pulleys (L and II.)
on the shaft at the same time. [I¢ ¢s shown wn Case XVII., §§ 60, 61, that the only
way to deal with two or more pulleys is to consider each separately and then obtain
the resulting speed of whirl by a formula similar to that in §§ 28 or 62. The case or
the shaft only is considered in §§ 10, 11 ; whilst the calculated results for each of the
pulleys (considered separately) are obtained from the preceding article. The resulting
calculated speed s taken to be

N NoNo/y/(NFNG? + NP2Ng? + NPNy?),

where Ny, N,, N, are the speeds of whirl for the shaft, Pulley I. and Pulley IL.,
taken separately. The span in all the experiments was 2” 8”.
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Purreys 1. and I1,

Conditions.
Number Calculated [Calculated |Calculated .
of Dat Pulley I. Pulley I1. Observed || speed for | speed for | speed for R?'uémf"(]i Pfr-
experi- Jate. e S B Sl speed. shaft Pulley 1. | Pulley II. || %" ‘2’,’9’ || centage
ment, , , only. only. only. poed. error.
2! ¢y Cs &)
in in in in
inches. | inehes. | inches. | inches.
1892.
69 | Nov. 12| 100 |31-00 |31:00 | 100 1118 1121 | 13537 | 10355 1111 ||+ -6
70 ’ 2:91 |29-10 | 31-00 | 1-00 1099 112 4621 | 10355 1083 || +14
71 . 4-00 | 2800 |31'00 | 1-00 1072 1121 3563 | 10355 1063 + 8
72 . 583 2666 [31-00 | 1:00 1033 | 1121 2705 | 10355 1030 || + -3
73 | Nov. 1411066 |21-33 |31:00 | 1-00 955 1121 1683 | 10355 929 || +27
74 ’ 16-:00 | 1600 |31:00 | 1:00 896 1121 1495 | 10355 893 || + ‘3
75 » 21-33 |10°66 |31:00 | 1-00 947 1121 1683 | 10355 929 || +19
76 ' 26:66 | 533 |31:00 | 1-00 1047 1121 2705 | 10355 1030 | +16
77 | Nov. 15[2800 | 4-00 |31-00 | 1-00 1067 1121 3563 | 10355 1064 | + 3
78 | Nov. 162800 | 400 [29-10 | 291 1033 1121 3563 3116 1012 || +20
79 ’ 21-33 11066 | 2910 | 291 920 1121 1683 3116 894 || +28
80 ” 1600 {16:00 {2910 | 291 885 1121 1495 3116 862 || +2'6
81 | Nov.17|1066 |21'33 |29:10 | 291 925 1121 1683 3116 894 || +33
82 ’ 533 126°66 {2910 | 291 1030 1121 2705 3116 983 || +46

These experiments show that the method adopted in calculating the final resulting
speed gives results very little different from the observed results. In all cagses the
percentage error is positive, so that the resulting speed, as calculated above, is slightly
below the actual speed, and, consequently, errs on the right side.

Case X1I.

31. SHAFT RESTING ON TWO SUPPORTS, | FEET APART, AND OVERHANGING ON ONE
SIDE ¢ FEET, LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I’
AT ITS END.

Thus—
Fig. 14.

O
= g ———

S sE---———
b
i
|
-

Take the origin at B.  Then from A to B we have (§ 21, p. 304, equation 2)

A, B
y=7« -+ —93 2 4 Cx 4+ D,

L

MDCCCXCIV.—-A, 28
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314 MR. S. DUNKERLEY ON THE WHIRLING

and from B to C

Yy = % ad P; @+ Ce -+ D,
When
@ =0, y=0, y =0,
dy/dx = dy' |dz, dPy/da?® = d%/ [da? ;
whence
D=0o0.
D' =o0.
=
: B=F
At A, where @ = — [,
y =0, dPy/da = 0,
therefore
— P4 DE—CU D=0
—Al4+B=0.

When = = ¢ (at the pulley)

dL/dx — dR/dxe = — o*y. W/g (§ 7, equation (5)),

and
L—R=—oT'dy/dx (§7, equation (6)) ;
whence
WA B LTy
A _-—gEIaﬂ( s 4 09+Cc+D>
and
’ r__ ®l’ é: , ’ 7
Ac+ B = — EI< 5 09+Bc—-|—0(’) .

The elimination of the seven ratios—
A:B:C:D:A:B.C:D
from these cight equations leads to

Bt B o+ 41) +a (b (e +1) = (3D} —1=0
in which

o= Wa?gEl and k= ,/(9T'/W) (see§ 23, p. 305).

(1),
(2),
(3),

(2),

(6).

[A]
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AND VIBRATION OF SHAFTS. 315

If, in equation [A], we put [ = 0, we get
iy a?h%t Fa (et —ck?)—1=0,

the equation already obtained for the case of an overhanging shaft fixed in direction
at one end. (Case IX., p. 304.)
From equation [A] we get
1 ¢c—tad(c+ 1)
ac " fpad(c+ 4D —(c+ %1’

k?* =

so that (as in § 24, p. 305) for whirling to be at all possible
ac® must be > 3¢/c + ! and < 12 (3¢ + 1)/(3¢ + 41).

If «c® be equal to the first or second of these quantities the corresponding value
of o gives the inferior or superior limit of the speed respectively. Moreover, the
period of whirl corvesponding to the inferior limit of speed vs identical with the nutural
period of vibration of the light shaft under the gwen conditions.

The superior limit is the inferior limit multiplied by some function of the position
of the pulley, that is, some function of 7 and c¢.  The

superior limit = 2 X inferior limit X ,\/ ( 2L

If, as in Case X., p. 308, we put

o = ¢/k = ratio of overhanging portion to the radius of gyration,
and
b = ¢/l = ratio of overhanging portion to the span,

then the solution to the equation [A] is

wct = 50, [(Bh+ 1) = (b 1)+ v/ {30+ 1) = (0 PP+ (3b+4)] .

32. The following are the results obtained from this equation by assuming certain
values for o and b, as in Case X., § 27, p. 809. The vertical columns give the value of
@ for different values of «, the value of b being fixed, whilst the rows denote the

value of @ for different values of b, the value of a being kept the same.

28 2
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316 MR. S. DUNKERLEY ON THE WHIRLING

Values of 0 in the Equation o = 0,/(¢gEE1/Wc?), ¢ being the length of the overhanging

portion.
Values of b = ¢/l.
Very ) 1 . . . Very
small. 10 8 LN L £ large.
! o | -
S‘}}’;ﬁ?’ 1:732 1:905 1-942 2:000 2:043 2103 3464
| ,
25 1:677 1-857 1-897 1:956 2:000 2:062 3422
50 1-500 1712 1756 1-822 1-871 1:938 3356
75 1145 1456 1-512 1595 1:653 1732 3:925
I 1-00 0 1111 1-188 1-297 1:370 1464 3048
s |
$ 125 do. 837 920 1:037 1116 | 1217 2:841
L 150 do. 706 782 889 963 1:058 2:628
175 do. 644 713 812 880 968 2-437
2-00 do. -609 674 769 832 093 2:982
Iufordor 4, 522 577 655 707 74| 1732

Comparing these results with those in Case X., § 27, it will be noticed that when
the span is very long and the pulley near the bearing, so that ¢/l is very small, the
whirling speeds in the two cases are the same for the same values of ¢/k, whether the
pulley be placed between the bearings, or overhang an equal distance on one side.
For any other value of ¢//, the superior limit in the present case is greater, and the
inferior limit less, than the corresponding limit in Case X., the values of ¢ and [ being
the same in both cases.

In the present case the superior limit varies from 365 times the inferior limit to
twice that limit (when ¢/l = o, i.c., the shaft works in a shoulder at one end).

33. Laperimental Results—The same remarks apply here as in § 28, page 310.
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AND VIBRATION OF SHAPFTS. 317

The following are the results of experiments made (1) with Pulley I. (p. 285), and
(2) with Pulley II. at the end of the overhanging portion, the ratio of the overhanging
portion of the span being made to vary. The shaft without the pulley has been
investigated in §§ 12, 13; whilst the calculated speeds for the pulleys alone have
been calculated from equation A, § 31, page 313. The calculated speed obtained from
the formula N,N,/,/(N* 4 N,?) where N,, N, are the separate speeds of whirl for the
shaft and pulley, gives results, in every case, much lower than the observed results.
To bring the calculated results more in accordance with the observed results, the
resulting calculated speed is taken to be N\N,/\/(N* 4+ N,%a), the value of a deter-
maned from Experiment 64—chosen because the observed and calculated values of the
whirling speed for the shaft alone are practically the same (see § 13, page 294, Experi-
ment 24)—being *885. In this expression, ¢ is the multiplier of the greatest term in
the denominator.

Purrey L
ol 32 T L3 B ows | 3% 0§
B 020 ) i < on I N |
) E . Conditions. §| | ;,’:f; %b eé’_‘gf g % § g j % 1
52 g < %E | 3% giEx | 8y | ¥E. [ ¢
S & § | =1 8F | 2% | &% s8¢ T
2 g Lo e s | EE | B3 | Emy | BE | &h: s
\ @ . in . in 3 ‘ W =~ =3 = = =z 3\““ :: i
i inches. | inches. S i SE 5§ &} % cg 9% %E _ '
1892. '
63 Nov. 11| 3070 | 1-00 1223 1175 16390 1170 + 4-3 1246 — 19
64 y, 2910 | 261 1329 [ 1301 4808 1256 + 85 " 1329 00
65 " 2800 | 3:69 1384 | 1397 3318 1288 + 69 | 1410 — 19
66 ' 2666 | 502 1407 1516 2428 1286 + 86 ; 1343 + 45
67 ” 24:00 | 7°69 1224 1704 1572 1156 + 55 i 1199 + 20
68 ’ 2133 [ 10:35 968 1606 1162 941 + 2'8 ; 979 - 11
|
Puriey I
. e 'Ug' o] {‘; L § “3";: &
” E‘; Conditions. E:; gi g; 9% 'S-/: %"% :; E j §
208 s | gf | 8% | gyl g3 | Y
25 & s 55 | Ep | 222 gf | 52| S
s & 7 ¢ S = e = R £ 8 SY E
“ o in in 2 S SE | S8% | &8 832 s
inches. | inches. S 8 H 5 B ’S ?L' © & 2 g'YL Qi
o ‘H,___ 74 pf( Z
1892,
62 Nov. 9 | 3063 | 100 | 1227 1175 13816 1173 + 46 1224 + 1'4
57 5, 712910 | 254 1276 1301 3353 1213 + 50 1278 00
58 , 7128001 363 1281 1397 2277 1191 + 70 1256 + 19
59 712666 496 1 1215 1516 1643 1114 + 83 1150 + 53
60 s 9124000 | 763 928 1704 1056 898 + 32 937 — 10
61 5 9 121:33 11029 1 712 1606 782 703 + 11 738 — 36

These experiments show that the same value of @ (—= 885) in the formula for the


http://rsta.royalsocietypublishing.org/

N

a
L
A B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

yA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

318 MR. 8. DUNKERLEY ON THE WHIRLING

resulting speed—viz., N;Ny// (N* + aNy?) when N, > Ny, and N,N,/\/ (N> + aN,?)
when N; > N,—holds, to a sufficient degree of approximation, whatever be the ratio
of the overhanging portion to the span, or whatever be the size of the pulley.

Moreover, as in § 29, p. 311, when the pulley is near the bearing the shaft is stiffened
Ly the pulley, and the lighter the pulley the further the distance which it might be
from the bearing before this stiffening action ceases. (Compare § 29, Experiments 48,
46, 54, and present article Experiments 63, 64, 62.) '

34. The following are the mean results of experiments with both pulleys, I. and I,
on the shaft. It is shown in Case XVIL, §§ 59-62, pp. 76-80, that the only way
to deal with two or more pulleys is to consider each separately and obtain the
resulting whirling speed from a formula of the type

NN,Ny/o/ (NN 4 NN 4 NN,

where N, N,, N are the separate speeds of whirl due to the several causes on the
assumption that each cause is neglected except the one under consideration. In the
present series of experiments Pulley I. was kept at the end of the overhanging
portion, whilst Pulley II. was placed in different positions between the bearings, the
distance between the bearings being also altered. The notation used in the following
results will be understood from the diagram.

Fig. 15.
e -y )
| |
Pulley 1 || Dul ZQZI‘HEZ

= |

=== gL

To get the resulting calculated speed, the resulting speed for the shaft (N,), and
for Pulley 1. (N,) is obtained, as explained in the preceding article. Let this be
called N;. The whirling speed for Pulley 1L alone is obtained from equation A.,
§ 26, p. 308. Let this be N,. Then the resulting speed for both the pulleys and the
shaft combined is taken to be

NsN, N,N,N,

s O .
v (N2 + NJ) v (NN 4 aNSN2 + NZ2Ny%)
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320 MR. S. DUNKERLEY ON THE WHIRLING

These experiments show that the method adopted in calculating the final resulting
speed gives results approximating very closely to the observed speeds. When the
overhanging portion is small, and both pulleys are near the bearings, the shaft is
stiffened by the pulleys (Experiment 83, 93). In all other cases the resulting speed
as caleulated above is slightly below the actual speed. The formula consequently
errs on the right side.

Case XI1.

35. SHMAFT, LENGTH [/, RESTING FREELY ON A SUPPORT AT ONE END AND FIXED IN
DIRECTTON AT THE OTHER, LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF
INERTIA I, PLACED AT A DISTANCE ¢, FROM THE SHOULDER END, AND ¢, FROM THE
FREE END,

Thus—
Fig. 16
I
: G “ \
z * L
; |
i) i
N [
/ ;/1 ( !Z
7

We have (§ 21, equation 2), taking the origin at the shoulder end A,

A, B
1y = S 4 - @+ Ce+ D
from A to the pulley, and
4 A/ I)), 4 ’
Y = ()"7'% + 5 #+Ce+ D

from the pulley to B.
When z = 0, ‘
y = 0, dy/de =0 ;
whence

D=o. . . . . . . . . . . (1,

i

C=0. . . . . . . . . . . . (2.
When x = ¢, '

y =19, dy/de = dy |dzx ;
whence

LA =AY+ LB =B+ =)o+ D=D)=0 . . (),

JA=AY e+ B=B)e, + (C—=C)=0 . . . . . (4).
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AND VIBRATION OF SHAITS. 321
When z =,
y' =0, Ay [da® = 0,
whence .
sAPH+LIBPHCI+D =0 . . . . . . . (5),
Al+B =0 . . . . . . . . . . (6)

When z = ¢, (at C), we have
dLjdz — dR/dx = — W/g.e% (§7, equation (5)),
wnd L—R=— T dy/de (§7, equation (6));
whence we obtain, putting as before (§ 23, p. 305)

a = Wo?/gEI, B =T/El, and B = ak?, where 1* = /(gI'/W).
(A—A)Y=—aFAcP+LtBe+Ce,+D). . . . . (7),
(A—=A)e,+(B=-B)==B8EAc?+Be, +0C . . . (8).

The elimination of the seven ratios
A:B:C:D:A":B:C:D

from the eight equations marked leads to

7»201 02 01 0o 2_ e, fli o
+ o { <2 5) 3<ﬂ 4)}—-3——0 . . [A]

a quadratic in % which is not, of course, symmetrical with respect to ¢, c,.
If I = o, then ¢, =, and the equation reduces to

o? "1l2— k2014 + (% C13 - kzcl) —1=0,

the equation already obtained for the case of an overhanging shaft working in a
shoulder. (Case IX., § 23, p. 804.)

From equation [A] we get
k= 1~ . P — ac®e? (3¢, + 6p) s
ey 1y (20’e’) — (& + §4°)

so that for whirling to be at all possible (see Case IX., § 24, p. 305) we must have

ac’e® > PPeyf(4e) + §0;) and < 12 (¢ + ic)®).
MDCCOXCIV.—A. P
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322 MR. S. DUNKERLEY ON THE WHIRLING

If ac3¢,® be equal to the first or second of these quantities, the corresponding. value
of w gives the inferior or superior limit of the speed respectively. The values of £,
corresponding to these limiting values of w, are zero and infinity, and if the shaft
whirl at the speeds given by them it will do so in such a manner that the pulley
still rotates in a plane perpendicular to the original alignment of the shaft.
~ Moreover, the period of whirl corresponding to the inferior limit of speed is-identical
with the natural period of vibration of the light shaft under the given conditions.

The
3 3 \
superior limit = inferior limit X ,\/ {(—% + ?E%> (1 +3 ci> }

a, = ¢/k, b, = ¢/l ;

Let

that is @, and b, are the ratios of the distance of the pulley from the shoulder end of
the shaft to the radius of gyration of the pulley and to the span respectively. Also
let a,, b, be the corresponding ratios when the distance of the pulley is measured
from the free end of the shaft ; that is

ay = Cyfk and b, = ofl.
Then the solution to equation [A], p. 820, may be expressed in either of the forms

B3 b, \
1,.3 — 1, | 5 1,71
boot =14 3 = o (b

0,3 b 2 . )
T R R R I re et IRL

A=l 2 ] o

As in Cases X. and XI. (§§ 27, 32), by assuming certain values for a,;, b;, or ay, by,
the corresponding values of ac,® or ac,® can be found, and so, for any particular value
of ¢, or ¢, the value of w readily calculated. Two sets of results have thus been
compiled. The first set (obtained from equation [B]) gives the values of ac® for
different values of ¢, and b, and is applicable when the pulley lies between the
shoulder end and the centre of the span; whilst the second set (obtained from
equation [C]) gives values of ac,® for different values of @, and b, and is applicable
when the pulley lies between the free end and the centre of the span.
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AND VIBRATION OF SHAFTS. 323

36. Values of 0, in the equation w = 0, ,/(gEI/We®), when the pulley lies between
the shoulder end and the centre of the span, and ¢, = distance of pulley jfrom
shoulder end.

Vulues of by = ¢, /L.
Very L1 1 1 1 L
small 70 6 1 3 3
Superior o oA oA . 2.Qms
limit 3464 3:465 3467 3480 3518 3:873
25 3437 3438 3441 3:457 3498 3:868
50 3356 3:359 3:366 3388 3:396 3855
75 3:225 3:233 3:247 3284 3361 3:838
Il 1:00 3:048 3069 3096 3157 3:267 3819
)
S
! 1-25 2:841 2:885 2:933 3:026 3173 3:800
S
S
1:50 2:628 2:705 2-778 2:906 3:090 3785
175 2:437 2549 2:646 2:805 3:021 3772
2:00 2:282 2:424 2:547 2‘7_26 2:966 3761
Inderlor | y.p39 1:981 2123 2:385 2714 3704
imib
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324 MR. S. DUNKERLEY ON THE WHIRLING

37. Values of 0, in the equation o = 0, /(gEI/We?), when the pulley lies between
the free end and the centre of the spom, and c, = distance of pulley from firee end.

Values of by = cyfl.
Very 1 1 1 1 1
small 10 6 4 3 2
Superior . : . . . .
limit 1-732 1-737 1:760 1-851 21121 3873
25 1-677 1-686 1716 1-829 2:115 3-868
50 1:500 1-533 1-598 1-766 2098 3:855
75 1-146 1-:300 1-442 1-693 2:079 3-838
Ez
] 1-00 0 1:075 1309 1633 2:063 3819
5
§ 1-25 do. 938 1-223 1-591 2051 3800
N
1-50 do. ‘866 1-167 1-562 2043 3785
175 do. ‘826 1-136 1-542 2036 3772
2:00 do. '801 1-114 1-529 2:030 3761
Inferior i . . . . .
limit do. 728 1-050 1-475 2012 3704

When the span is very long and the pulley is near the shoulder, so that ¢,/l may
be taken to be very small, a comparison of the results in §§ 36 and 25 shows that the
effect of the free end is nil; in other words, the speeds are the same as if the shaft
merely overhung. If the pulley be near the free end of the span, so that c,/l may
be taken to be very small, a comparison of the results in §§ 37, 27, 32 shows that the
effect of the shoulder is precisely the same as that of a free bearing. These results
might, of course, have been anticipated.

38. Comparing these results with those obtained in Case X., § 27 (that is, with
the case of a pulley on a shaft merely resting on a support at each end), we see that
in the case where one end is fixed in direction, the calculated speed for the pulley
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AND VIBRATION OF SHAFTS. 325

alone exceeds that in the case of a shaft free at both ends, in a certain ratio—that
ratio depending on the position and size of the pulley.

Considering the superior limits in each case, the increase of speed due to the
shoulder is 100 per cent. at the shoulder end, decreasing to 91 at one-third the span
from the shoulder end, 58 at the centre of the span, and zero at the free end.

Considering the inferior limits in each case, the increase of speed is 225 per cent.
near the shoulder end, 51 at the centre of the span, and 19 per cent. near the free
end.

Case X111,

39. SHAFT SUPPORTED ON THREE BEARINGS, [, AND [, FEET APART RESPECTIVELY
AND LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I’ ON THE SPAN
OF LENGTH l,, THE PULLEY BEING DISTANT ¢, FEET FROM THE MIDDLE BEARING AND
¢, FEET FROM THE END BEARING. ‘

Thus :—-
Fig. 17.

>
e

We have, taking the origin at the middle bearing B (§ 21, equation 2),

y:%w3+~§—m2+0w+D, from A to B,

!

y = é«w3 +—Bé:w2 + Cz 4+ D', from B to D,

6
and
A" 5 B 4 " "
y="5u +—2~w 4+ C’x + D", from D to C.
When z =0, |

y =0, y =0, dy/dx = dy' [dx, dPy/da® = dPy'[da® ;

whence we obtain

D=0 . . . . ... ....Q,
D=0 . . . . . .. ... @,
C=C . . . . B,
B=B . . . . . . . ... ()
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326 MR. S. DUNKERLEY ON THE WHIRLING
When « = — [,
y=0, Py/de® = 0 ;
whence ,
—FAIPH LB —-CL+D=0. . . . . . . (5),
= AL4B=0. . ... L (6)
When x = [,
y' =0, Py’ Jda? = 0 ;
whence )
%A_ngs + %Bulzz + Ol/l2 + D// — O ) : . . . . . (7)’
Al +B"=0 . . . . . . . . . . (8).

At the pulley (D) we have, when x = ¢,
y =y,  dyfdz=dy"/du,
dL/dx — dR/dx = — o®' "W /g (§7, equation 5),
L—R=—oT'dy/de (§7, equation 6);
whence ,
(A= AP+ 5B —B) e+ (C—C)e,+ (D' —=D")=0 . . (9),
FA =AY+ (B —B)e, +(C—-C")=0 . . . . (10),
A=A = —a(GAc®+iBe+ Ce,+D) . . . . (11),
A=A, + (B —=B")==BHA¢?+Be+C) . . . (12),
where, as in § 23, p. 305,

o =Wo¥gEL, B=oT/EI and 8= ai’, where k = /(gT'/W).

The elimination of the eleven ratios A:B:C:D:A:B:C':D':A”:B”:C":D"”
from the twelve equations marked leads to '

20.30.3 B
o KPey’cy 4l b

Z 2,9 R ....‘_...__”.4
S et oat ) =R (3o T )
L2
— ? (Zl + lg) = O . . . . . . . . . [A.],

a quadratic in »® which i1s not symmetrical with respect to ¢, c,.
If in equation [A.] we put l; = oo, it reduces to

91720 3¢ 16,2 2 (08 1 ¢.3)2 o
a5k %3 4+ ad (¢, — I (¢ 4 ¢®)} — [P =0,
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AND VIBRATION OF SHAFTS. 327

the equation already obtained for the case of a shaft vesting freely on two supports at
the ends, and loaded with a pulley distant ¢, ¢, from the bearings (Case X,
§ 26, p. 308).

If I, = 0, the equation reduces to

]vCC ¢3e 3¢ e e’ l,?
e ) e ) - T =0

the equation already obtained for the case of a shaft resting freely on a support at one
end and working in a shoulder at the other (Case XIL., § 35, p. 320).
If I, = ¢, = o the equation reduces to

“7“31(1 Zl)+“{%2‘(51+01)“k2<01+%>}"'1=0’

the equation already obtained for the case of a shaft, span [, and overhanging a
distance ¢,, the pulley being at the extremity (Case XI., § 31, p. 313).

40. In the case of two spans, one of which is loaded, it is, of course, useless to
completely solve the many cases which might occur. The three cases which at once
suggest themselves for full investigation are—

(1.) Unloaded span zero.

(2.) Unloaded span infinite.

- (8.) Unloaded span equal to loaded span.

It has been shown that the first two cases have been already investigated (Cases
XIL and X.). It only remains to solve the third case when the two spans are equal.

If

equation [ A] becomes

IPeBe,’ [ ¢ l
o O [, b
* 73 <4 + 3>

o5 b s 5} =0 foor+ )+ L] -wmn L

from which we immediately get

2= 1 2 6,60 — adePe,? (l2 + cl cq 1)
%CyCq Thactef (b + 3D — (06" + 16’ + 5 l o + ”{ ,

so that for whirling to be at all possible we must have (see Case IX. § 24, p. 305),

ey’ NN
3 Ptale+ia)
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328 MR. S. DUNKERLEY ON THE WHIRLING

and
< e (e +16°) + 31 (c® +¢)
e + 3!

If ac,®c,%/8 be equal to the first or second of these expressions, the corresponding
value of w gives the inferior or superior limit of the speed respectively. Moreover,
the period of whirl corresponding to the inferior limit of speed is identical with the
natural period of vibration of the light shaft under the given conditions.

The superior limit

= inferior limit X /\/ <cl (' +d0) +ill) + o) X Pralt ‘%Cl)>.

30 + 31 201683

Let
a; =c/k and b, = ¢/,

that is, @, and b, are the ratios of the distance of the pulley from the middle bearing
to the radius of gyration of the pulley and to either span respectively. Also, let
a,, b, be the corresponding ratios when the distance of the pulley is measured from
the end bearing ; that is

ay = Co/k and b, = ¢,/l.

Then the solution to equation [B] may be put in either of the forms
(4 + 3D)). ae?

' —31)( tHia- b>g>+ +mb)* “12{1—1b 1<1+%1§b1>}
/o (14 ) e S (H gl

%, (4 F 3b,)
+0612'~—W'"""""""'[C]’

and
/ s ] @
TR0 g (1= ) (3 25+ 1+ g~ {2y bt 0=
+ A/ 2001+ 5 ) 1+ — e (g i)

2b, (7 — 3b.
+o&22,v(i1(—:52—)})............k....[D].

As in Cases X., XI., and XIL (§§ 27, 32, 36, 387), by assuming certain values for a,,
b, or ay, by, the corresponding values of ac)® or ac,® can be found, and so, for any
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AND VIBRATION OF SHAFTS. 329

particular value of ¢, or ¢,, the value of w readily calculated. Two sets of results
have thus been compiled. The first set (obtained from equation [C]) gives the values
of ac,? for different values of @, and b, and is applicable when the pulley lies between
the middle bearing and the centre of the span; whilst the second set (obtained from
equation [D]) gives values of ac,® for different values of @, and b,, and is applicable
when the pulley lies between the end bearing and the centre of the span.

41. Values of 0, in the equation w = 0, \/(gEI/We,*) when the pulley lies between
the maddle bearing and the centre of span, and ¢, = distance from mid-bearing.

Values of by = ¢,/1.
Very e 1 1 1 1
Sma:l]. 10 6 4 3 2
Superior e . . . . .
limit 1:732 1-906 2:006 2-129 2:275 2:908
25 1-677 1-860 1966 2:098 2:254 2-907
*50 1-500 1725 1-853 2:012 2:199 2:905
_ 75 1-146 1511 1:687 1-897 2:131 2:902
<
&
I 1-:00 0 1-279 1-520 1-786 2:066 2:900
% _
§ 1-25 do. 1-109 1-441 1-700 2:016 2-898
S
1-50 do. 1012 1-:310 1-641 1-978 2-896
175 do. ‘956 1:257 1:599 1'952 2:895
2:00 do. 921 1220 1-571 1932 2894
Tnferior a 822 1114 1470 : -
Limit o. 1-857 2:890

MDCCCXCIV.—A, 2 U
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330 MR. S, DUNKERLEY ON THE WHIRLING

42. Values of 0, in the equation o = 0,/ (gEI/We,3) when the pulley lies between
the free end and the centre of the span, and ¢, = distance of pulley from free end.

Values of by == cy/l.
Very a \ 1 1 1
small 10 6 4 3 z
Superior e 1 ) . . .
Limit 1'732 1:735 1-747 1:795 1-936 2:908
25 1677 1-682 1-700 1764 1-920 2:907
'50 1:500 1-524 1:567 1-676 1-880 2:905
75 1146 1-273 1-385 1578 1-837 2:902
=
6:‘1
Il 1-00 0 1-022 1-225 1485 1-801 2:900
é-‘l
=
% 125 do. 872 1123 1-428 1775 2:898
S -
E S
1:50 do. 796 1:063 1-386 1757 2:896
1-75 do. 755 1-027 1-365 1745 2:895
2:00 do. 731 1-:004 1-346 1-738 2894
Inforior do. 661 932 1-285 1:671 2:890
imit

By a comparison of these two sets of resultsit will be noticed that the same pulley
placed at equal distances from the middle bearing and the end bearing of the shaft
whirls at different speeds, those near the middle bearing being higher than those near
the end bearing. Moreover, tf the span be very long and the pulley be near the bearing,
so that ¢/l may be taken to be very small, it will be seen that, whilst the superior
limits in the two cases are the same, the ratio which the inferior limit bears to the
superior limit is less when the pulley is near the end bearing than when it is near the
middle bearing. Also the superior limits when the pulley is near either bearing are
the same as those obtained in Case X., § 27, Case XL, § 32, and also in Case XII., § 37,
provided the pulley is near the free end of the span. The superior limit in any of
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AND VIBRATION OF SHAFTS. 331

these cases is the inferior limit obtained in Case IX., §25, and also in Case XTII., § 36,
provided the pulley lie near the shoulder end of the span.

43. Comparing the results in §§ 41, 42 with those obtained in Case X., § 27 (that is,
with the case of a pulley on a shaft merely resting on a support at each end), we see
that in the case of two equal spans the calculated speed for the pulley alone exceeds
that in the case of a single span (equal in length to either of the two equal spans) in
a certain ratio—that ratio depending on the position and size of the pulley.

Considering the superior limits in each case, the increase of speed due to the extra
span is 10 per cent. when near the middle bearing, 24 (maximum advantage) when
one third the span from the middle bearing, 19 at the centre of the span, and zero at
the end bearing.

Considering the inferior limits in each case, the increase of speed is 35 per cent. when
near the middle bearing, decreasing to 18 at the centre of the span and 8 per cent.
near the end bearing.

44. Experimental Results. The same remarks apply here as in § 28, p. 310.

The following are the mean results of experiments made with different spans and
with different positions of pulleys I. and 1I. (p. 285) on those spans. The shaft without
the pulley has been investigated in §§ 15, 16, whilst the calculated speeds for the
pulleys alone have been calculated from equation [A], § 39, p. 825, or, in the case of
equal spans, from equation [B], § 39, p. 326.

2 U 2
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332 MR. S. DUNKERLEY ON THE WHIRLING
Porrey 1.
Conditions. i | Cal- \ t
Number | Cal- culated }vResulting | Per-
of Date. Obscrved || culated speed for | caleulated || centage
CXDeri- h 2 a g speed. | speed for | “yey speed. ervor,
ment. . in . in . in o in shaft only. only. :
inches. | inches. | inches. | inches. i
119 Dec. 20, 1892 | 2:91| 29-10| 28'10| 1:00|| 1938 1943 | 19337 1933 | + -2
120 ) 2:91| 2910| 2510 400\ 1798 1943 4375 1776 | + 12
121 ’ 2:91| 29°10{ 20110 900| 1522 1943 2583 1553 -~ 20
122 | Jan. 30,1893 | 291| 26°10| 1455 14-55| 1489 1943 2466 1526 — 25
123 ” 29112910, 900] 200110 1651 1943 3418 1689 — 23
124 ’ 291 2910 400 2510 1867 1943 8044 1889 — 12
125 ” 2:91| 29-10| 1-00| 2810 1935 1943 | 49951 1942 — 3
126 | Jan. 30,1893 | 4-57| 2743| 6:00] 21:43| 1975 | 2058 4900 1897 + 39
127 ’ 4571 2743 | 1371 1371 || 1675 || 2058 2601 1614 + 36
128 . 4-57| 2743 | 21'43| 6:00| 1789 2058 3346 1753 + 20
129 ” 457 2743 2643 1:00| 2029 2058 | 19756 2047 — 9
114 | Deec. 20,1892 | 16:00| 16:00| 1:00| 15:00| 4430 4484 | 31664 4440 | — 9
115 ’s 16:00| 16:00| 4-00| 12:00) 3930 4484 8114 .1 3925 + -1
116 ’ 16:00| 16:00| 800| 800| 3420 4434 4987 3334 + 25
117 ’ 16:00| 16:00| 12:00| 4:00| 3846 4484 6318 3657 || + 49
118 ’ 16:00| 1600 | 1500| 1-00| 4402 4484 | 24550 4411 | — -2
l
Purrey 1L
Conditions. | Cal-
Number | Cal- culated || Resulting Per-
of Date. Observed | culated | speeq for || caloulated | centage
experl- h h o ] speed. | speed for pulley speed. error.
ment. _in . in _in _ in shaft only. only.
: inches. | inches. | inches. | inches.
98 | Dec. 2, 1892 2:911 2910 1-00| 28':00| 1983 1943 | 37711 1940 + 22
99 ’ 2:911 2910 4-00] 25101 1894 1943 5410 1829 + 34
100 ’ 2:91| 29-10| 9:00| 20110 || 1409 1943 2280 1479 — 13
101 ’ 2:91] 2910 | 14-55| 1455 | 1234 1943 1644 1255 — 17
102 ” 2:91| 2910 20010 9:00| 1279 1943 1722 1290 — 8
103 | Dec. 5, 1892 2911 29-10| 25°'10| 4°00| 1640 1943 2933 1620 + 12
104 ” 29112910 2800 1:00| 1975 1943 | 15317 1928 + 24
105 | Deec. 5, 1892 4571 2743 2643 | 1-00| 2177 2058 | 15608 2040 + 63
106 | Dec. 7, 1892 457 | 2743 | 21-43] 600| 1570 2058 22383 1513 + 36
107 ' 4-57 | 2743 | 13-71| 1371} 1347 2058 1745 1330 + 13
108 | Deec. 8, 1892 4571 2743 6:00| 21-43| 1829 2058 3277 1743 + 47
113 | Dec. 19,1892 | 16:00| 16:00| 1-:00{ 1500 4524 4484 | 24173 4411 + 25
112 ’ 16-00 | 16:00| 4-00| 1200 3213 4484 4842 3280 — 2%
109 | Dec. 9,1892| 16:00| 16:00| 800| 800| 2600 4484 3325 2671 — 27
110 | Dec. 14, 1892 | 16:00 | 16:00| 12:00| 4-00| 3056 4484 4288 3100 — 14
111 | Dec. 15, 1892 | 16:00| 16:00| 15:00{ 1-00| 4220 4484 | 18816 4362 — 34
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- AND VIBRATION OF SHAFTS. 333

These experiments show that the formula used for calculating the resulting speed
—viz., NyN,/+/ (N,? 4+ N,?), where N;, N, are the separate speeds of whirl-—holds, to
a sufficient degree of approximation, whatever be the ratio of the spans or the position
and size of the pulley. When one span is small compared to the other (Experiments
119-125 and 98-104), the conditions approximate to those required in Case XIIL,
§ 35. In this case the error is sometimes positive and sometimes negative, and the
percentage error, with one exception, is under 3. The average error is —1. In
Experiments 105-108 and 126-129, in which the ratio of the spans is one-fifth, the
error is practically positive throughout. The mean error is + 3. The calculated
results could be made to approximate more closely to the actual speeds by using the
formula N;N,/4/ (N,® 4 ‘869 N,?) instead of N N,/\/ (N,® 4+ N?), in which case the
errors in Experiments 126, 127, 128, 129, 105, 106, 107, 108, would be — 20, —5,
— 80, — 82, "4, 0°0, 2'8, 0°0 per cent. respectively, giving a mean error of — 1'3 per
cent. But the speeds, as obtained by N N,/,/ (N> + N,?), are sufficiently near the
actual speeds for practical purposes.

When the spans are equal (Experiments 109-118)—which is the most important
case—one span being loaded, the error is sometimes positive and sometimes negative,
but in only two cases (Experiments 111, 117) does it slightly exceed three per. cent.
The mean error is —1 per cent. The experiments, therefore, amply verify the
theory.

45. The following are the mean results of experiments with the Pulleys I. and IL
on the shaft at the same time. The spans have been each taken to be 16 inches.
The first series include these experiments with Pulleys I. and II. on different spans,
and the second with them on the same span—the positions in the two series being
similar. The notation used to determine the position of the pulleys is the follow-
ing :—a,, @, are the distances of Pulley I. and ¢, ¢, of Pulley II. from the
middle and outer bearings. The resulting calculated speed is taken to be
N, NN,/ /(NN 4+ NNg? 4 Ng®N,?), where Ny, Ny, Ny are the separate speeds of
whirl for the shaft, Pulley I, and Pulley II. (see Case XVIL, §§ 59-62; also §§ 30,
34). The calculated speed for the two pulleys neglecting the shaft is given, having
been calculated from the formula N, = N,N,/\/(N,2 + N,?). Tor the three causes
together the resulting speed is N;N,/,/(N*+ N, which is equivalent to
NLNGN, /(NN + NN o+ NEN).
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AND VIBRATION OF SHAFTS. 335
The formula by which the resulting speed is calculated, viz. :—-
NNoNy/ /(NN 4 NN + NN %),

gives, of course, the same calculated speed whether the pulleys be on different spans,
or similarly placed on the same span.  The experiments show that, with the pulleys
on different spans, the observed speed is higher (with one exception) than when pulleys
are similarly placed on the same span. In Experiments 138 and 148 the observed
speed is the same in each case. Moreover, with the pulleys on different spans, the
observed speed is, with one or two exceptions, in excess of the calculated speed ;
whilst, when on the same span it is, without exception, less than the calculated speed.
In the former case, the average error is about + 3 per cent., and in the latter, about
— 5 per ceut., giving a mean of — 1 per cent. Either one or other of the separate
errors (Experiments 130-140 or 141-149) could be reduced by the introduction of a
constant in the denominator of the expression NN N3/, /(N2N,? 4 N3N + NN ?),
as in §§ 38, 34, but whilst reducing one it would also increase the other.

Considering, however, the complexity of the problem the preceding results justify
to a remarkable degree, the assumptions that have had to be made in the course of the
1nvestigation.

The experiments made with the pulleys on different spans are very instructive as
showing how one pulley affects the other in regard to whirling. For example,
Experiments 130, 131, 185, and 134 show that, when the two pulleys are both taken
into account, the calculated speed is much too low. Hence we may infer that if
Pulley I (which is the lighter of the two) be placed on the far side of the centre of
its span from the middle bearing, its effect on the whirling speed is very small.  The
whirling speed may, in fact, be taken as that resulting from the combined effects
of the heavier pulley and the shaft. On this assumption, the calculated whirling
speeds in the above four experiments would be (see § 44, Experiments 110, 109) 3056,
3056, 2600 and 2600 respectively, and the percentage errors would be + 5, 4 62,
+ 7, and 4+ 3°4, instead of + 4°4, + 87, + 47, and + 6°4.

46. The discrepancies between the observed and calculated results are accounted
for by the fact that the empirical formula—rviz.,, N \N,/4/(N,? + Ny¥)—upon which the
resulting calculated speeds are based, is not strictly accurate. In the case, however,
of two or more equal spans with pulleys on each span, that formula gives calculated
results less than the observed results and, therefore, erring on the right side. This
is apparent from Experiment 130-140, but it might also be proved by considering the
case of two equal spans with a pulley placed in the centre of each span.  If the two
pulleys be of the same size and weight they will have, separately, the same whirling
speed. Let that whirling speed be N;. Then, from § 41 or 42, we have

N, « 2:900 +/(gEI/ W), about,

where [ =length of a single span. Using the ordinary tormula, the resulting
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336 MR. S. DUNKERLEY ON THE WHIRLING

whirling speed, due to both pulleys, will be N,/4/2 (see § 62), so that the resulting
whirling speed for the two pulleys will be proportional to

2:05./(gEI/WH).

But, since the two spans are equal and similarly loaded, it is clear that there is no
bending moment on the middle bearing. Consequently, as in the case of an unloaded
shaft, § 15, the spans will whirl independently of each other, and the actual speed
of whirl will therefore be proportional to

2:45,/(gEL/WB). . . . . . . . (see§27),

where E, I, W and [ have the same values as before. Hence the whirling speed, as given
by the formula used in the investigation, is only 84 per cent. of the actual whirling
speed of the pulleys. When the shaft is also taken into account the difference
between the two calculated will be decreased by an amount depending upon the
relation between the whirling speed of the shaft, taken separately, and the whirling
speeds for the pulleys as calculated above.

Reasoning in a similar way, we may conclude that when the spans are not similarly
loaded, the whirling speeds as obtained in the investigation will be less than the
actual whirling speeds. In other words, the formula used to determine the resulting
speed of whirl errs on the right side.

Case X1V,

47. SHAFT, LENGTH [, FIXED IN DIRECTION AT EACH END AND LOADED WITH A
PULLEY, WEIGHT W, AND MOMENT OF INERTIA I, AT DISTANCES ¢;, ¢, FROM THE
SHOULDERS,

Thus—
Fig. 18.

;/\' """""" Z 1 ’9‘

;/A.-_._,_ C/ = é Ce. ;

é ///// }

| |
o . - I —
” IZ 77

¢ B %

Take the origin at A. Then from A to C we have (§ 21, p. 304, equation 2)

Y = ?m3+ §m2+0m+D

and from C to B
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When « = 0,
y=0, dy/de=0;
whence
D=0
C=0

When « = ¢,,
y=y, dyfde=dy[de;

whence
FA-A) P +5(B=B)e+(C—=C)e+(D=D)=0
FA—-AYe+(B=DB)e,+(C—=C)=0
When x = [,
y =0, dy'[dx = 0,
whence

PAB4HIBRLCI+D =0.

LAP+PBI4+C=0.
When z = ¢ (at the pulley),
dL/dx — JR/dsc = — . W/g (§7, equation 5),
and

L—R=—Tdy/de (§7,equation 6),

whence we obtain, putting as before (§ 23, p. 305)

a = Wo'/gEl, 8= oT/EI, and B = ak?® where k = ,/(gI'/W),

A—A=—a{tAc®+ 1Bc¢?+ Ce 4 D}
(A—A)e,+(B—-—B)=—=B{LAc?+ Be, +C} .
The elimination of the seven ratios
A:B:C:D:A":B:C:D
from the eight equations marked leads to
o 5 ket 4 a {§lee,® — Bocy (¢® + ¢°)} — =0

a quadratic in »® which is symmetrical with respect to ¢, c,.
MDCCCXCIV.—A 2 X

337

(3),
(4).

(5),

(7).

(8)-

[A]
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338 MR. 8. DUNKERLEY ON THE WHIRLING

If I = o, then ¢, = [ and the equation reduces to
OC:",' '1'1’2" ]C'QC]'4 + o {% 013 —_— ]CQC]} _—1 = 0,

the equation already obtained for the case of an overhanging shaft working in a
shoulder (Case IX., § 23, p. 805).
From equation [A] we get
2= Al P —azgele’
atiCy  ac’e’ — 4 (¢ + ¢’

so that for whirling to be at all possible (see Case IV., § 24, p. 305), § ac,c,* must be
>Band <4 (c®+ ¢?).

If a,0)%c,® be equal to the first or second of these quantities, the corresponding
value go gives the inferior or superior limit of the speed respectively. Moreover,
the period of whirl corresponding to the infertor limit of speed is identical with the
natural period of vibration of the light shaft under the given conditions.

The
T . T 6\3 6\
superior limit = inferior limit X 2° M {<~l> -+ <—z ) }

o = ¢k, b=c/l;

Let

that is, @ and D are the ratios of the distance of the pulley from the nearer
shoulder to the radius of gyration of the pulley, and to the whole span respec-
tively.

Then the solution to equation [A], p. 837, may be expressed in the form

wi=2[ {31+ 725) = (25)]
N e e I L

As in Case X. (§ 27), by assuming certain values for a and b, the corresponding
values of ac,® can be found, and so for any particular value of ¢, the value of o readily
calculated. '

The following are the results obtained from equatlon [B]. The vertical columns
give the values of 0 for different values of o, the value of b being fixed ; whilst the
rows denote the values of 0 for different values of b, the value of a being kept the
same.
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AND VIBRATION OF SHAKTS. . 339

48. Values of 0 in the equation of o = 0 ,/(gELjwc’), ¢ being the distance of the
pulley from the nearer shoulder.

Values of b = ¢fl.
oy s 3 3 3 3
Superior 3464 3-466 3478 3528 | . 3674 4899
limit.
25 3437 3440 3453 3508 3651 4899
50 3356 3363 3382 3451 3627 4899
75 3-225 3240 3272 3-366 3577 4899
=2
S
I 100 3048 3082 3135 3266 3521 4899
3 .
ES)
g 125 2841 2901 2981 3197 3467 4899
3
=
150 2628 2-8924 2856 3076 3419 4899
175 2437 2594 2743 3:001 3379 4899
210 2282 2:479 2653 2941 3346 4899
Inforior | .75 2028 2977 2667 3182 4899
1imit.

It will be noticed that when the span is very long and the pulley near the shoulder,
so that ¢/l may be considered very small, the whirling speeds, for the same sized
pulleys, are the same as those obtained in Cases IX. and X., §§25 and 36—the value
of ¢ being the same in all three cases.

The superior limit varies from twice the inferior (when the span is long and the
pulley near the shoulder) to equality with it (when the pulley is at the centre of the
span).

49. Comparing the results contained in the previous article with those under
Case XII., §§36, 87 (that is with the case of a shaft working in a shoulder at one end
and resting freely on a bearing at the other), we see that in the case where both ends

2 x 2
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340 MR. 8. DUNKERLEY ON THE WHIRLING

work in a shoulder the calculated speed for the pulley alone exceeds that in the case
of a shaft free at one end and working in a shoulder at the other, in a certain ratio—
that ratio depending on the position and size of the pulley.

Considering the superior limits in each case, the increase of speed due to the two
shoulders is zero at the shoulder end, increasing to 27 per cent. at the centre of the
span, and 100 per cent. at the free end. Considering the inferior limits in each case,
the increase of speed due to the two shoulders is 2 per cent. near the shoulder end,
increasing to 32 at the centre of the span, and 180 per cent. near the free end of the
shaft.

Again, comparing the results obtained in the present case with those obtained in
Case X., § 27 (that is, with the case of a shaft merely resting on a bearing at each
end) we see that, considering the superior limits in each case, the increase of speed
due to the two shoulders is 100 per cent., whatever be the position of the pulley ;
whilst considering the inferior limits the increase of speed near the bearing is 233 per
cent., decreasing to 100 at the centre.

Case XV.

50. SHAFT SUPPORTED ON FOUR BEARINGS, i, [, AND [, FEET APART RESPECTIVELY,
AND LOADED WITH A PULLEY, WEIGHT W, AND MOMENT OF INERTIA I, ON THE
OUTER SPAN OF LENGTH [,—THE PULLEY BEING DISTANT ¢; FROM THE INNER,
AND ¢, FEET FROM THE OUTER BEARING.

Thus—
Fig. 19.
| 1 1 Z i L e
1 ! - '
| i D
| | | i |
AE B CE £l D

We have, taking the origin at the bearing, C (§ 21, equation 2).
y:%ms-l—%ac‘a—i—()x-l—D, from A to B,

ylz%ws+_l;_w2+0’m+])’, from B to C,

., AT B, . "o }
Y= ‘*6“96"+ 5 ¢ - C'x 4 D7, from C to B,
and
" 3 I}/” ¢ 717 2 " ~
Y = o x -+ ) 204 G2 4+ D", from E to D
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AND VIBRATION OF SHAFTS.

When « = 0,
y =0, Yy’ =0, dy' [do = dy” [dx, Ay’ [da® = Py [da?
whence .
D'=0
DI}'= 0
CI — C/I
BI — BII
When & = 1,,
y/ll — 0’ d2y//l/dm2 - O ;
whence

AIII BII’ " o~
—6~l13+—-§~llz—|—0 L+D"=0 .

AL+ B"=0.
When © = — (I, + 1),
y =0, Pylda® = 0
whence

— A (L+ 0P+ B+ —Clh+4L)+D=0.

—A({,+1l)+B=0.
When ¢ = — [,

y =0, Yy =0, dy/dx = dy’ [de, Py/da® = dPy [da?;

whence

— IALF 4 1Bl —ClL 4+ D=0 .
— AT} 4 1Bl — Cly + D' = 0
LA =AY —(B=DB),+(C=C)=0 .
—(A—A),+(B—B)=0 .
Again, at the puﬂey E, when = = ¢,

yl/ — y//l’ dy!//d$ —_— Cly”l/clw,
dLjdx — dR/dx = — W/g. %" (§7, equation 5),
L—R=—doT dy"/dbc (§ 7, equation 6) ;

341

(1),
(2),
(3),
(4).

(7),
(8).

(9),

(10),
(11),
(12).
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342 MR. S. DUNKERLEY ON THE WHIRLING
whence, putting as before (§ 23, p. 305),
o= sz/gEI, B == o’I'/El, und therefore 8 = ak?, where k = /(91'/W),

A — A L B — B , i . »
ot (=) e+ (D' =D =0 . . (13),

A" - A”/ b 1" 27 » 1" 1"
5ot (B =B e, + (D= D) =0 . . . . (14),
A=A =~ {% ¢® 4+ ~]?2 e+ e, + D“} Co L (1),

(A" — A") ¢, + (B — B") = — 8 {f} of + Be+C'L L (1)
The elimination of the fifteen ratios
bA:B:C:D:A':B’:C':D':A":B":C":D”:A"':B"':C"’:D"
from the sixteen equations marked leads to
o 5k, {(ly 4 &) (L + ¢;) + 2lols}
+aforer {0 (L et + 2 ) + 30t
— 1 0 1) e 07 F 6 0. 65T 4e) bl (e + )] |
=Pl L) Bl +4h)+ Ll =0. . . . . . . . . . . [A]

a quadratic in ? which is not symmetrical with respect to ¢;, ¢,
1f in equation [A] we put Iy = 0, it reduces to

o Kol

9 (Cl + l2)

+ a[§e’ey® {4 ¢ (ll + &eg)} — kP {§ ¢ (¢)® + 4023) + 0l (5102 — 0102)}]
- le (lsz + %Zl) =0,

which is identical with the equation obtained independently, but not reproduced here,
of two spans, one of which is loaded, the outer end of the shaft on the loaded span

merely resting on a bearing, whilst the outer end of the unloaded span works in a
shoulder. Thus—
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AND VIBRATION OF SHATFTS. 343

Fig. 20.

>

A
~N
Kl

‘ i<—G—>< c >

I

ST -

If, in addition, in the above equation we put (i) /, = 0 and (ii) ?, it further reduces
to the two equations already obtained in Case XIL, § 35, p. 320, and Case X., § 26,
p. 308.

By making /, and ¢, each equal to infinity, the equation further reduces to

5 Be?(ly+¢)) +afc? (4 50) —F (L + 4¢))} — 4 =0,

which is the equation for a single span overhanging at one end and working in a
shoulder at the other, the pulley being at the end of the overhanging portion. Thus

Fig. 21.

L

By putting, in this equation, /, = 0 we obtain the equation already obtained in
Case IX., §28, p. 305.

If in equation [A] we put 3 = o, it immediately reduces to the equation already
obtained for the case of a shaft of two spans, the shaft merely resting on the bearings
at the ends, loaded with a pulley on one of the spans. (Case XIIIL, § 39, p. 325.)

Again, if in equation [A] we make /, and ¢, each equal to infinity, it reduces to

a® 5 k% {(ly + L) (L + c1) + §l0s3 4+ afe)? {(/y + L) (L4 %c) + 001
— B {(l + la) (o4 4e) + 50031 — 4+ L) =0,

which is the equation for an overhanging shaft loaded at the end, and having two
spans on one side. That is, for the case of
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344 MR. S. DUNKERLEY ON THE WHIRLING

By making l; = = in the last equation, it becomes identical with that already
investigated for the case of a single span overhanging on one side (Case XI., § 31,

p. 313).

51. In the case of three spans, one of the end ones of which is loaded, the three
cases which at once suggest themselves for full investigation are :—

(1). The two unloaded spans zero.

(2). The two unloaded spans infinite.

(3). All the three spans equal.

Tt has been shown that the first two cases have been already investigated (Cases
XIIL and X.). It only remains to solve the third case when all the spans are equal.

If

Lh=1l=1=1,
equation [A] on p. 341, becomes
a? 3 ke 3¢® (71 + Ge,)
4+ a {e,%,? (71 4 2¢,. 8¢, F 4e) — B2 (7T1. ¢> + ¢ + 6c,. ¢ + 4¢,’)} — 458 =0 [B],

from which we immediately get

! 15Bc,c, — a}e’e} (11 + 2¢,.3¢, + 4¢y)
Batyey " ageyle)’ (T0+ 66)) — (706" + 6 + 6.0 + 4ey)

k=

so that for whirling to be at all possible (§ 24, p. 305.)

6%y} 168%¢,
a 5% must be > T T 20 (36, 1 4oy
and
T1(e® + &) + Go (o + 4e’)
71+ 6cy

<
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AND VIBRATION OF SHATFTS. 345

If ac,®c,%/8 be equal to the first or second of these expressions, the corresponding
value of w gives the inferior and superior limit of speed respectively. Moreover,
the period of whirl corresponding to the tnferior limit of speed is identical with the
natural period of wibration of the light shaft under the given conditions.

The

T . e qe . Tl(e)® + ) + 6oy (¢ + 4e®) TP + 2¢, (3Bl + «¢,)
Sop 1 — . /\/ 1 ? 1 0) o 10T 2090 T 6) |
superior limit = inferior limit X » < 70+ G, X 1liercy

Let )
o, =c/k and b, = ¢]/l;

that is, @, and b, are the ratios of the distance of the pulley from the inner bearing
to the radius of gyration of the pulley and one of the spans respectively. Also,
let a,, b, be the corresponding ratios when the distance of the pulley is measured
from the end bearing ; that is,

ay = co/k  and by = cyfl.

Then the solution to equation [B]| may be put in either of the forms
2(7+46b). ac?

5 =7 <1 + a0z b)3> + 60, < 1- b)*> o <7—+—18bi—;1_2ﬁ>
A/ g ) o (o g ) e (]

600, (7 + 6b)) ‘
g 27 L T B9)
Fat T e [0

2 (13 — 6b,) . ac,’

3

=7<1+(1.b—2362)3>+6( 2)<1+4< b)>—a22{1—7%+2(3+62)}

+ \/[7 <1 +5 _6_2362)3> 4 6(1—b,) <1 + 4(1—j’f3bg)3>;a22{1 u S+20s+ bg)H2

603, (13 — 60,
g D00 (10 — 09y)
+ a, (LB e [D.]

As in Cases X.-XIV. (§§ 27, 32, 36, 37, 41, 42), by assuming certain values for
ay, by, or ay, by, the corresponding values of ac)?, or ac,?® can be found, and so, for any
particular value of ¢, or ¢,, the value of w is readily calculated. Two sets of results
have thus been compiled. The first set (obtained from equation [C]) gives the
values of ac,’ for different values of a; and b,, and is applicable when the pulley lies

MDCCCXCIV.—A. 2 v
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346 MR. S. DUNKERLEY ON THE WHIRLING

between the inner bearing and the centre of the span; whilst the second set
(obtained from equation [D]) gives values of ac,® for different values of a, and 0,,
and is applicable when the pulley lies between the end bearing and the centre of
the span.

52. Values of 0, in the equation o = 0,,/(gE1/We,?) when the pulley lies between
the inner bearing and the centre of the span, and ¢, = distance of pulley from inner
bearing.

Values of by = ¢/
Very 1 1 1 1 1
Smau 10 6 4 3 2
S‘;mei"l‘ 1732 1927 2:037 2168 2318 2:950
imit
25 1677 1-883 1998 9137 2998 2-949
50 1:500 1749 1887 2052 2243 2948
75 1146 1540 1724 1:939 2174 2:946
I 1:00 0 1311 1558 1817 2:109 2944
U I A B
‘5
S 125 do. 1142 1430 1740 2057 2942
)
:; -
150 do. 1042 1345 14679 2:018 2940
175 do. -984 1201 1:636 1:990 9:937
2:00 do. 1948 1-256 1607 1:070 2:933
Inlf.er?‘”‘ do. 845 1142 1-501 1890 2:928
imit
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AND VIBRATION OF SHAKTS. 347

53. Values of 0, in the equation o = 0,,/(gEI/We3) when the pulley lies between
the outer bearing and the centre of the span, and c, = distance of pulley from outer
bearing. '

Values of by = cqfl.
Very 1 1 1 1 L
small 10 6 4 3 2
Superior e . . | . . .
liIr)nit. 1732 1735 1-748 1-800 1-945 2:950
25 1677 1:683 1-701 1-767 1-:930 2:949
50 1-500 1-525 1:569 1-681 1-892 2:948
) 75 1:146 1-275 1-388 1:578 1-850 2:946
~
@i v
| - 100 0 1-025 1-230 1'493 1-815 2:944
S .
U .
3 1-25 do. ‘876 1-129 1436 1:790 2:942
3
S
1-50 do. *801 1-069 1-398 1772 2:940
175 do. 759 1-033 1373 1-760 2:937
2:00 do. 735 1-010 1-357 1751 2933
Inferior . . . . 906
limit do. 665 938 1-317 1717 2:906

The same pulley placed at equal distances from the inner and outer bearings whirls
at different speeds, those nearer the inner bearing being considerably higher than
those near the end bearing.

For further remarks, see those made in § 42, p. 329, which apply also to the
present case.

54. Comparing these results (§§ 52, 53) with those obtained in Case XIIL., §§ 41, 42,
that is, with the case of two equal spans (one of which is loaded), we see that in the
case of three equal spans, an outer span of which is loaded, the calculated speed
for the pulley alone exceeds that in the case of only two spans in a certain ratio,
that ratio depending on the position and size of the pulley.

2Y2
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348 MR. S. DUNKERLEY ON THE WHIRLING

Considering the superior limit in each case, the increase of speed due to the
additional span of length equal to the length of either of the two spans (the two
unloaded spans being on the same side of the loaded span) is 11 per cent. when near
the inner bearing, 1'9 when one-third the span from the inner bearing (maximum
advantage), 1'4 at the centre of the span, and zero at the outer bearing. Considering
the inferior limits in each case, the increase of speed is 2'9 per cent. when near the
inner bearing, decreasing to L3 at the centre of the span and '6 per cent. at the end
bearing.

We thus see that, in the present case, the effect of the second unloaded span from
the loaded one, tn tncreasing the speed at which the pulley will couse the shaft to
wharl, can never be such as to cause the increase in the whirling speed to exceed 3 per
cent. of that calculated on the asswmption that the effect of thut second unloaded span
s altogether neglected.

When the effect of the shaft is also taken into account, the increase in the whirling
speed due to the third span will be less than 3 per cent. (§ 62).

Case XVI,

55. SHAFT SUPPORTED ON FOUR BEARINGS, [y, /;, AND [, FEET APART RESPECTIVELY,
AND LOADED WITH A PULLEY, WEIGHT W, AND MOMENT OF INERTIA I, ON THE
MIDDLE SPAN OF LENGTH [,—THE PULLEY BEING DISTANT ¢;, ¢, FEET FROM THE
BEARINGS.

Thus—

We have, taking the origin at the bearing B (§ 21, equation 2),

y:%mg-{——()—wg—l—(}w—kD,f’romAtoB,

;AN LB -

y =", +—2-a;~-|-(,m+D,frothoE,
. A B v yoog ﬂ
y=f6,w+~2—m~+(,a;—|—D,h‘om]ﬁtOC,.

7’ i

Yy = 0 x4 I‘%‘.Z'g + C"x 4 D, from C to D,
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AND VIBRATION OF SHAFRTS. 349
When « = 0,
y =0, y' =0,
dy/dx = dy'[dx, dPy/da® == d*y' [dx? ;
whence
D=0 (1);
D=0 . . . . . . . . . . (2
C=C . . . . . . . . . . . (8),
. B=B . . . . . . . . . . (4)
When & = - [,
y =0, dyldx® = 0 ;
whence f .
— LA+ LBl —Cly+D=0 . . . . . . . (5),
—Aly+B=0. . . . . . . . . . (6)
When » = [,
. y// — O, y/// J— O,
dy” [da == dy” |d, Py [da® = By [dax?
whence

LAIP 4 ABIIA+CL+D =0 . . . . . . . (7),
SATLP+ B+ CYh+ D=0 . . .. L (8),
FA" = AP+ B =B+ (C"=C")=0 . . . . (9),

' (Au _ A///) Zl + (B/) _ BII‘/) — 0 . . . . . . . (10).
When « = I, + s,
y'" = 0, d:Zy”’/dwz == 0
whence

AW+ LP + B "L+ LP+C7 @+ L)+ D=0 . . (11),

AQG+L)+B =0 . . . . . . .. (12).

Again, at the pulley E, when o = ¢,

y =1y, dy'[dx = dy” [de,
dL/dx — dR/dx = — W/g. o*" (§ 7, equation 5),
L—R=—T'dy/dx (§7, equation 6);
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350 MR. S. DUNKERLEY ON THE WHIRLING

whence

FA = A et 5 (B =B e 4 (C — e+ (D' =D) =0 . (13),

LA =AY e+ (B =B+ (€ —=CY=0 . . . . . . . (1),
N=A=—a@G NP+ 1B e+ Co+D) . . . . . . . (15),
(A=A, + (B =B)=—BLAc2+Be,+C). . . . . (16),

where, as in § 23, p. 305,
a = Wo?/gEl, B=l'/El, and B = ai? where k = ,/(gI'/W).
The elimination of the fifteen ratios
A:B:C:D:A:B:C:D:A":B":C":D":A”:B”:C":D"”
from the sixteen equations marked leads to

o? . s Be®e,® {12 (lyey + lsey)) + 9 ¢icy + 160,05}
+ a[§ o’c® {8l {c10s + lyey -+ lyoy) + c10y (y + Is) + 4hlyls}
— 5k {9c,05 (01”4 ¢5%) + 8ly0s (05> + 4 ¢)°) + Blsey (0> + 465°) + 41l (¢)* + i) 5]
=028 Al + L+ L) =0 . . . . . oo L [A]

a quadratic in w?, symmetrical with respect to ({,, ¢,) and (Is, ¢,).
If in equation [A] we put /, = 0, it reduces to
: q L put &,

o® . § Keyte,’ (§ ¢ + 3 1)
+ a.[Fe’e? {¢gl, + Z3(l1 + 5 ¢)} — ak? {lic, (Z12 — 8¢1¢) + § U5 (c)® + 4023)}]
- l13 (ll + % ZS) =0,

which is identical with the equation obtained independently, but not reproduced
here, of two spans, one of which is loaded, the outer end of the shaft on the
loaded span working in a shoulder, whilst that of the unloaded span merely rests on
the support. Thus

Fig. 24.
( G ><[I Gy Ly >
| .

EEEEEEE
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AND VIBRATION OF SHAFTS. . 351

If we further put I3 = 0, the equation reduces to that already obtained for the case
of a shaft working in a shoulder at each end (Case XIV., § 47).

If [, = oo?, instead of 0, we obtain the equation for the case of a shaft working in
a sleeve at one end and merely resting ou a bearing at the other (Case XIIL., § 35).

If in equation [A] we put I3 = o7, it reduces to that already obtained for two
spans, one of which is loaded (Case XIIL, § 39). If in addition /, = o« we obtain
Case X., § 26.

56. In the case of three spans, the middle one of which is loaded, the three cases
which at once suggest themselves for full investigation are—

(1.) the two unloaded spans zero,

(2.) the two unloaded spans infinite,

(8.) all three spans equal.

It has been shown that the first two cases have heen already investigated (Cases
XIV. and X.). It only remains to solve the third case when all the spans are equal.

Ifl, = I, = l; = I, equation [A] reduces to

o? . 5 ke ®e,® (280% + 9¢,c,)
+ o [%‘ ¢)’c,’l (70 + 5cy0y) — § 1 {(9‘3102 + 7lg) (013 + ¢;’) + 9leyc, (012 + ¢?)1]
— =0 . . . .. . (B

from which we get

2 — 121 ) 151, %c,¢, — L ac’e® (T1° + Beyey)
- acie, LacBe (28 4 9e165) — 4 {(9eyey + ) (¢ + ¢,°) + Yeyey (6 + )} ’

so that for whirling to be at all possible we must have (see Case IX.,§ 24, p. 305),

158¢c,
T2+ Seycy

3 ac’ey’ >

and

< i~ et + T8) (6 + o) + eyey (0 + ¢5°)
2807 + 9eyc, ’

If aci®c,’/3 be equal to the first or second of these expressions, the corresponding
value of  gives the inferior or superior limit of the speed respectively. Moreover,
the period of whirl corresponding to the inferior limit of speed is identical with
natural period of vibration of the light shaft under the given conditions.

The

superior limit

e 916y + TP) (6 + &) +90ergy (o + o) TP + Bege
_ £ A/ (9e10 1 2 1% \9 2 172
2 X inferior limit X < 98B + 9orc, X 158¢e, /°
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352 MR. S. DUNKERLEY ON THE WHIRLING

Let
a = ¢,/k and b= ¢/l,

that is, @ and b are the ratios of the distance of the pulley from the nearest bearing
to the radius of gyration of the pulley and to the span respectively.
Then the solution to equation [B] p. 850, may be expressed in the form

6 )

ac® = ParTYTR— H<1 + f%_{”) (74 9.1 —0)4+ 9 <1 + i{

— a? {1 .y -+ 5b}
VAL T N ) —a{ T}
ta 156(2(81 *_i’jfl Z’)]. N [ 6]

As in Cases X. and XIV. (§§ 27, 48), by assuming certain values for ¢ and b, the
corresponding values of ac,® can be found and so, for any particular value of ¢, the
value of w readily calculated.

The following are the results obtained from equation [C]. The vertical columns
give the value of @ for different values of @, the value of b being fixed ; whilst the
rows denote the value of @ for different values of b, the value of a being fixed.
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AND VIBRATION OF SHAFTS. 353

57. Values of 0 wn the equation o = 0 /(¢gEI/W¢c¥); ¢ being the distance of the
pulley from the nearer bearing.

Values of b = ¢/l.
Very o 1 1 1 1
Sm&ll 10 6 4. 3 2
S‘;Pe?im‘ 1732 1-907 2013 2157 2:356 3-303
imit
25 1677 1-862 1975 9199 2340 3-303
50 1-500 1729 1867 2055 2300 3308
75 1146 1-523 1714 1:957 2250 3303
< ‘
Q
I 1:00 0 1-304 1563 1864 92:903 3.303
3
kS
8 125 do. 1145 1451 1792 2166 3-303
S
1-50 do. 1052 1-372 1741 2138 3-303
175 do. 997 1-323 1705 2117 3303
2:00 do. 963 1201 1:680 2102 3-303
Inferior . . . . ana
o do. 863 1185 1587 9040 3303

The superior limit thus varies from 221 times the inferior limit (when the pulley is
near the bearing) to equality with it (at the centre of the span).

Moreover, when the span is very long, and the pulley near the bearing, so that ¢/!
may be taken to be very small, no whirling can take place provided the radius of
gyration is less that the distance of the pulley from the bearing. (See also §§ 27, 82,
37, 41, 42, 52, 53.)

58. Comparing these results with those obtained in Case X., § 27 (that is, with the
case of a single span), we see that in the case of three equal spans, the middle one of
which is loaded, the calculated speed for the pulley alone exceeds that in the case of a
single span in a certain ratio—that ratio depending on the position and size of the

MDCCCXCIV.—A. 2 7
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354 MR. S. DUNKERLEY ON THE WHIRLING

pulley. Considering the superior limits in each case, we see that the increase of
speed due to two additional spans (each equal in length to the first span), one on
each side, is, as regards the superior limits, 10 per cent. near the bearing, and 844
per cent. at the centre of the span ; and, as regards the inferior limits, it is 41°7 per
cent. near the bearing, and 844 per cent. at the centre of the span.

Again, comparing the case under discussion with Case XIV., § 48, in which the two
end spans are zero (that is, the shaft works in a shoulder at each end), we see that
the increase of speed, due to the two shoulders, is, as regards the superior limits, 100
per cent. near the bearing, and 48'3 per cent. at the centre of the span; and, as
regards the inferior limits, 135 per cent. near the bearing, and 48'3 per cent. at the
centre of the span.

Comparing the present case with the results obtained in Case XIIL., §§ 41, 42 (that
is, with the case of two equal spans, one of which is loaded), we see that the increase
of speed due to the extra span (the loaded span being in the middle) is, as regards the
superior limit, zero when the pulley is near the inner bearing, increasing to 136 per
cent. at the centre, 21'6 (maximum advantage) at one-third the length of the span
from the free end, and decreasing to 10 per cent. when near the free end ; and, as
regards the inferior limits, the increase of speed is 5 per cent. when near the middle
bearing, 143 at the centre of the span, and 805 per cent. at the outer bearing.

Finally, comparing the results in the present case with those obtained in Case XV.,
§§ 52, 53 (that is, with the case of three equal spans, one of the end ones being
loaded), it will be noticed that the results in the latter case are the higher when the
pulley is near the bearing, as regards the superior limits, but less as regards the
inferior limits. By further referring to what was proved in § 54, p. 846, we may
wfer that if, in the present case, an additional equal span be added on each side
(making, in all, five spans, the middle one being loaded), the effect of those additional
spams, 1w increasing the speed at which the pulley will cause the shaft to whirl, will
never be such as to cause the increase vn the whirling speed to exceed one or two per
cent. of that calculated on the assumption that the effects of the two additional spans
are altogether neglected.

When the effect of the shaft is also taken into account, the increase in the whirling
speed, due to the two additional spans, will be still further reduced (§ 62).

This result, and that obtained in § 54, are extremely important, as they practically
limit any problem to the case of three spans. In other words, in the case of a
continuous shaft, supported on bearings, placed at equal distances apart, and loaded
with a pulley on one of the spans, the whirling speed, due to that pulley, obtained by
considering the loaded span, and the span or spans immediately adjacent to it on
either side, is sufliciently accurate for practical purposes.
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AND VIBRATION OF SHAFTS. 355

Case of two or more Pulleys.

59. So far (Cases IX.-XVL, §§ 23-58) we have only fully investigated the effect
of one pulley on a shaft supported in different ways, the effect of the shaft being
neglected. It was shown in §§ 19, 20 that, even in simple cases, the equations
obtained by considering the shaft and a single pulley together were too complicated
to allow of a solution in a form convenient for practical application. The following
case will show that, even in the simple case of a shaft freely supported at the two
ends, the equations obtained by considering the effect of the two pulleys together—
the effect of the shaft being altogether neglected—-are also too complicated to allow
of a solution which can be readily applied to any actual case.

Case XVII, -

60. SHAFT, LENGTH /, MERELY RESTING ON A SUPPORT AT EACH END AND LOADED
WITH TWO PULLEYS, WEIGHTS W, W,, AND MOMENTS OF INERTIA [, I,, PLACED AT
DISTANCES ¢, ¢,/ AND ¢,, ¢, RESPECTIVELY, FROM THE BEARINGS.

Thus—

Fig. 25.
l
/ ; 4

> /
< i )
7

-~

W

. 1 T,
A% EB

Taking the origin at the bearing A, we have (§ 21, equation 2)

y:—%m3+—12—w2+0x+D,fromAtoC,
y’:%im3+-1;j—w2-l—0'w+D", from C to D,
17 A/, 3 B” 2 ’7 M 17 o
Y= —’;—*5*96 + C"x 4+ D”, from D to B.
When
x=0, y=20, dPylda® = 0;
whence
D=o0. . . . . . . . . . 0 000 (Y,

2 7 2
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356 MR. S. DUNKERLEY ON THE WHIRLING

When ¢ = ¢,
y=y,  dyjdu=dy/ds,
dL/dx — dR/dx = — W,/g. % (§7, equation (5)),
L—-R=—aldy/dxc (§7, equation (6));

whence,

é_—éAf of + ]3—;]3'@124-(0-— o+ (D=D)=0 . . . (3)
AN B =B+ (C—C)=0. . . . . . &),
A—A = —«‘;V]i:‘i’g@ LB Ocl—]-D) L),
(A—A)e,+ (B—B) = — ‘%(ﬁm + Be, + c) L (6).

Similarly, when & = ¢,, we have
A:AH ¢ + B > B e+ (C—=Ce+ (D' —=D)=0. . . (7),
AoV (B —B) o+ (¢ =C)=0 . . . . (8),
A A =— %‘;— <A/ S O+ D’> L (),
(A =A%) o+ (B = B) = =20 <f§- ¢ + Bley + 0'> T

Again, when © =, ‘
Yy =0, dy’ [dz? = 0,

whence
el r e p =0
TPAEGPHCIED =0 . L (1,
ANI4+B =0 . . . . . . . .. . (2.
Putting

o, = Wo?/gEl, B, =o1,/El and B, =ak? where & = ,/(91,/WV)),
ay = Wyo?/gEI, B;= ’I,/El and B, = ayk,?, where k, = /(91,/W,),
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the elimination of the eleven ratios

A:B:C:D:A":B:C¢:D:A":B":C":D”
leads to

S
%)/l

{l + ooy '“6“-)" + o 02 + :81 ) + :32 + :81:82 2 + oy ET

(’1902’ 2 ’l? sl’2
+ Bty o 1:32

ey Col’® Ve, 63 0° |
{l+ 11 + oy 6 +i8] +Bz +BlB2 2 +ala2 156
ce lzl/ ¢ /3lm
+ o B A2 2 + [31“2 12 }

¢ flfz ' o 12
- { 616, ey’ + By + By + BBl 0‘1“2 e + :810‘2 9 + a3, -, }

B Cefey’? e3¢ ;%" 6,y ¢,%¢,/313 ¢, %,/
{"g"‘l“"l 13(15 + o ;22 +:311] +:822"" 1212;6 +:31:3212
“0 7312 c.3¢./20'?
+ 18 2 24:0‘ + 182 1 224 } == . . . . . . . . . . N [A.],

in which
o+ =+ =1,

N . ’ ’ Z/
(/2‘—(/1—-—01—02: .

If the second pulley be supposed removed, that is, if we put W, and I, each equal
to zero in equation [A], we get

w1, W 1,/
4 11,3 /.sl AR Wy PR SRZ ]_1_,‘. s T2 3
7 1 e {391&]: lefe, 3EI(‘30101 7) } P=0,

a result, of course, identical with that already obtained (Case X, § 26, p. 308).

It will be seen at once that the equation [A] is practically useless unless some
special relation be assumed between the dimensions of the pulleys, &c., and even then
it would be impossible to compile a table which could be used except in very few
cases,

Cases, other than the above, in which a shaft is supported in a certain manner and
carries two pulleys (for example, a span with an overhanging portion on one side
and supporting one pulley between the bearings and another at the end of the over-
hanging portion) have been investigated, and in each case the result obtained was too
complicated to admit of any practical assumption.
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358 MR. S. DUNKERLEY ON THE WHIRLING

61. The only alternative method is to consider the effects of the shaft (whatever be
its mode of support) and each of the pulleys (whatever be their number, position, and
size) separately, and so obtain the whirling speed for each on the assumption that all
the others are neglected. By means of an empirical formula the whirling speed, when
the effects of the shaft and of all the pulleys are taken into account, may be calculated
Jrom the separately caleulated whirling speeds.

62. The particular form of the empirical formula was found as follows :—
If a weight W be supported by a spring which requires € pounds to stretch it one
foot, then the number of vibrations which that weight makes per second is

Ny =V (ge/W)).

The number of vibrations which a second weight W, (attached at the same point
of the spring as the weight W,) makes is

N,= \/(95/W2> >

and the number which the combined weight (W, 4+ W,) would make is

— ge - NN,
N= \/{W1+W2} VNN T /(N2 NP

In the same manner this formula would be strictly accurate in the case of a rod,
however supported, provided that any concentrated loads which it might carry could
be supposed concentrated at the same point. For example, if three loads be con-
centrated at the same point of the rod (the effect of the vod being neglected), and
if the number of vibrations which each makes per second, when assumed independent
of the others, be N, Ny, N, then the number of vibrations of the three together will be

N,N,N,
V/(NPNG? + NPNJ? + N2Ny?)’

and so on for any number of loads.

If, however, the loads be concentrated at different points, the above formula will
not be strictly true ; for, in addition to the number of vibrations varying inversely as
the square root of the weight, the value of e will vary with some function of the
distance of the weight from the point of support.

In the same manner, in the whirling of shafts, if N, Ny, N3 be the whirling speeds
due to three pulleys when each is considered independently of the remaining two, we
have (§§ 25, 27, 382, 86, 387, 41, 42, 48, 52, 53 and 57), since o o« 0,/(I/Wc*) and
therefore as d*/,/(W¢e?), where d = diameter of shaft,

d?

: a? d?
=0T T By T 6wy
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AND VIBRATION OF SHAFTS. 359

where ¢,, ¢,, b, are constants depending on the position and size of the pulleys; and
(assuming all the pulleys to be so near together that each affects the others), the

formula
N,N,N,
V(NPN? + NNp2 + NpPPNy?)

(4)

will only be correct provided

03/2____ 3 — .32,
™1 2/ 2 3/ ¥3

Even when these relations do not hold, it is shown in §§ 29, 30, 83, 34, 44 and 45,
that the formula (A) is, with certain modifications and restrictions to suit particular
cases (§§ 83, 84, 45), sufficiently accurate for practical purposes.

The formula (A) may be extended to any number of disturbing elements.  If, for
example, there were four, and the speeds corresponding to them be N, Ny, Ng, N,
then the resulting whirling speed is

N1N2N3N4
VNPNPNE + NPNSNP + NPNSN? + NPNPNg?)

and so on.

Considering the case of two disturbing elements, if their speeds of whirling, taken
separately, be each equal to N, the resulting whirling speed due to two causes com-
bined is N/ /2.

If there were three disturbing elements, and if their speeds of whirling were all
equal to N, the resulting whirling speed would be N/,/3.

Of two disturbing elements, if the whirling speed for one of them be four times
that of the other, the resulting whirling speed is not more than three per cent. less
than the smaller whirling speed.

Concluding Remarks.

63. In conclusion, it should be noticed that in finding the speed at which a
continuous shaft of given diameter, supported on bearings placed at equal distances
apart, and loaded with pulleys on any or all of the spans, will whirl, the first step is to
find the span which will have the biggest whirl (that is to say, the span which
carries the heaviest and most advantageously situated pulleys as regards whirling),
and to consider this span and the spans immediately adjacent to it on either side.
The span in question can, in general, be determined on, at a glance, from the
consideration of the weights, sizes, and positions of the pulleys which each span
carries. Having fixed upon the three spans, the next step is to find (by the formula
for each case) the whirling speed for the shaft and each of the pulleys on the three
spans in question, on the assumption that the effect of every cause, except the one
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360 ON THE WHIRLING AND VIBRATION OF SHAFTS.

under discussion, is neglected. The resulting whirling speed may then be obtained by
an empirical formula of the form given in the preceding article. The speed thus
obtained will be less than the actual speed of whirl (see § 46, p. 334). A nearer
approximation to the actual speed might be obtained by considering only those pulleys
which lie near the centres, or between the centres of the side spans and the bearings of
the middle span (see § 45, p. 334), neglecting the effect of those pulleys which lie
beyond the centres of the side spans.  In doing so, however, there is a danger of the
calculated speed exceeding the actual, whilst, by taking all the pulleys on the two
sides into account, the calculated speed will be less than the actual speed (see
§ 46, p. 334).

[The above method of solution and the consideration or” only three adjacent spans,
is based on the results arrived at in §§ 54, 58, pp. 347, 853. It has been verified, not
only by experiments made with the experimental apparatus, but also by experiments
made on actual cases of shafting carrying heavy pulleys.]

In the case of a continuous shaft of equal spans which are all similarly loaded, each
span whirls independently of the rest, and the problem, therefore, reduces to the case
of a shaft loaded in a given manner and merely resting on a bearing at each end—the
distance between the bearings being the same as between those of the continuous
shaft.
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